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A bstract

U singaveticaldi¤erentiationmodelofendogenousgrowthwithstochastic
R &D activity, we characterize the optimalpatentlife-time, the government
wouldsetinordertomaximizeeconomicgrowth. W eshowthata…nitepatent
life-timedoes existand is uniqueprovided thatthe expectedrateofreturn
from R &D issu¢cientlylarge. A dditionally, weanalyzetheimpactofthelevel
ofcompetition in R &D sector, theinterestrate, thelevelofmonopolypro…t
andtheproductivityparameterofresearchtechnologyonthis optimalpatent
life-time.
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1 Introduction

SinceSchumpeter(19 42), theneedtoprovideinnovatorswithsomeformofmarket
power(i.e. patentprotection) inordertostimulate investmentin R &D has been
widelyrecognized. A s thepatentprotectionhelps innovators tobene…tfrom their
researche¤orts, itcreates orincreases theincentives toinnovate. Italsoseeks to
avoidduplicationofresearche¤ortsandtopromotetechnologicalprogress.

T heanalysisofoptimalpatentlife-timeisfoundedontwobranchesofliterature.
Intheindutrialorganizationliterature, theanalysis is basedonthehypothesis

thatasocietymustbalancethegains accruingfrom rapid technologicalprogress
againstthewelfareloss associatedwiththepresenceoftemporarymonopolies in
theuseofnewtechnology. N ordhaus (19 69 ), L oury(19 7 9 ), andrecentlyD enicolo’
(19 9 9 ), amongothers, allstudy the incentives and the distortions induced by a
patentsystem withinastatic, partialequilibrium framework. Judd (19 85) is the
…rstattempttostudytheoptimalpatentlife-timethroughmaximizingsocialwelfare
functioninadynamic, generalequilibrium set-up. H ebuildsanexogenousgrowth
modelwhere innovation, thoughendogenous, is notsustainablewhen there is no
exogenous increaseinthelabourforce.

W ithinendogenousgrowthliterature, innovation-basedeconomicgrowthhasbe-
comeanimportant…eldofresearchduetotheworksofSegerstrom etal. (19 9 0),
R omer(19 9 0),G rossmanandH elpman(19 9 1), A ghionandH owitt(19 9 2)andBarro
andSala-i-M artin(19 9 5). Consideringinnovationsastocreateamarketfordi¤er-
entiatedproducts by increasingthedegreeofproductvarietyorquality, in these
modelsnoattenctionispaidtothepatentsystem asagovernmentpolicytool. In-
deed, R omer(19 9 0) and G rossmanandH elpman(19 9 1, chapter3) assumethata
successfulinnovatoraccruesanin…nitepatentprotection. Inarecentwork, M ichel
and N yssen (19 9 8) analyzepatentlife-time in anendogenous growthmodelwith
horizantalproductdi¤erentiation. H owever, theiranalysis is limited in the sense
thattheyconsideradeterministicinnovativeactivity. SinceL oury(19 7 9 ), thelim-
itsofmodellinginnovativeactivityasadeterministicprocess, insteadofastochastic
one, havebeenwidelyrecognized.

G ivenallthis, itissurprisingthattheimpactofpatentlife-timeasagovernment
policy toolon economicgrowth is almostentirely absentfrom theoreticalwork.
O urmotivation in the presentpaperis to…llthis gap in the literature. In this
sense, wefocusontheoptimalpatentlife-timethegovernmentwouldsetinorder
tomaximizeeconomicgrowth inanendogenous technologicalchangemodelwith
verticaldi¤erentiationandstochasticR &D activity. W ithinthisframeworkwealso
study howthis optimalpatentlife-timewould change in response tochanges in
thelevelofcompetition in R &D , the interestrate, theproductivityparameterof
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researchtechnologyandthemonopolypro…t.
T he paperis organized as follows. Section 2 presents themodel. Section 3

introduces economicgrowth. Section 4 characterizes, throughnumericalanalysis,
thegrowthmaximizingpatentlife-timeandperformscomparativestatics. Finally,
Section5 concludes.

2 TheM odel

W econsideraneconomycomposedofthreesectors. Finaloutputsectorproducesa
homogenousconsumptiongood, intermediatesectorproduces capitalgoodswhereas
researchand developmentsectorproduces innovations. Finaloutputis obtained
bycombininglabourandcapitalgoodsthroughaCobb-D ouglastechnologyandis
usedasaninputintheintermediategoodsandR &D sectors.Firmswhichoperatein
theresearchanddevelopmentsectorracetoproduceinnovationsintermsofquality
improvementsintheexistingcapitalgoods’productlines. T hesuccessfulinnovator
winsapatentwhichislicensedtocapitalgoods’producers.

2.1 FinalO utputSector

FinalO utput( thenumeraire) is producedinacompetitiveindustryaccordingto
thefollowingconstantreturnstoscaleproductionfunction:

Yt= L 1¡®
Z1

0
(
~
X jt)®dj;

~
X jt´

M jX

m = 0

(qm X m j;t); 0 < ® < 1 ; q> 1 (1)

whereY;L andqdenoteoutput, …xedsupplylabour, andaquality-ladderindex
respectively. T hedegreeofhorizantaldi¤erentiation is …xedovertime, j 2 [0 ;1 ].
X m j;tisthequantityusedofthejth typeofintermediategoodwithqualitylevelmj:

M jbeingthehighestqualitylevelavailablein sectorj;
~
X jtisthequalityadjusted

amountofthevarietyj employedattimet.
Supposingthatforeachvarietyj, onlythetopqualitygeneration(qM j)ispro-

ducedinequilibrium , …naloutputproductionfunctioncanberecastasfollows:

Yt= L 1¡®
Z1

0
(qM j X M j;t)

®dj (2)
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T herepresentative…rm producingthehomogenous …naloutputmaximizes its
instantaneouspro…twithrespecttoX M j:

max Y ¡wL ¡
Z1

0
(P M j X M j)dj (3)

In equation (3), thepriceofthe…nalgoodhas beennormalizedtounityand
foreaseofnotationthesubscriptthasbeenomitted. T hesolutiontothisproblem
yieldsthesetofintermediateinputdemandschedules:

X M j=(
®q®M j

P M j

)
1
1¡® L (4)

T heimpliedprice-demandelasticity(¹)facedbyeachintermediatemonopolist
isgivenby 1

1¡® :

2.2 IntermediateG oodsSector

A tanypointintime, thereisacontinuum of…rms indexedbyj2 [0 ;1 ]operating
inthis sector. Each…rm producesadi¤erentiated intermediategoodthatis used
intheproductionof…naloutputas an input. O neunitofforegoneconsumption
allowseach…rmtoproduceoneunitof intermediategoodirrespectiveofitsvariety.
A ccordingly, themarginalcostofeach…rm isequaltoone. Inordertoobtainthe
optimalpriceofthehighestavailablequalityofeachintermediategood, …rmsequate
theirmarginalcosttotheirmarginalrevenueleadingtoP M j=

1
® . T hus, priceisa

…xedmark-uponthemarginalcostofproduction. A …rmthathasalreadyincurred
the…xed-costinvestmentinapatentwillobtainthefollowinginstantaneouspro…t1:

¦M j=(P M j¡1 )X M j=(1 ¡®)®
1+ ®
1¡® q

®
1¡® M j L , 8j2 [0 ;1 ] (5)

1 A tanypointintime, theonlysunkcostfacedbyeach…rmoperatingintheintermediategoods
sectoris theinitialexpenditureonthepatent.T his assumption is harmless inthepresentcontext
astheintermediateinputdemandis stationaryinequilibrium.
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2.3 R esearchandD evelopmentSector

In this section, wepostulatean R &D technologywherethedateofinnovation is
uncertain. Following L oury (19 7 9 ), D asguptaand Stiglitz (19 80) and D enicolo’
(19 9 9 ), weassumeapoissonprocessforinnovationswhichwillbringdiscretequality
improvementsfortheintermediategoods. T hetimingofinnovationsstochastically
depends on theR &D investment, namely, theamountof…naloutputdevotedto
R &D . A …rm introducinganinnovationwillmaintainalegalpatentwhoselife-time
issetoptimallybygovernmentinordertomaximizeeconomicgrowth.

Concerningthe structure ofthe sector, attime t, each …rm determines the
amountofresourcesdevotedtoR &D throughmaximizingitsexpectedpro…t:

E [¼]=¸N iE [V ]¡N i¡F (6)

where

E [V ]=¦M j ¸

ÃX

i

N i

! TZ

0

e
¡(r+ ¸ P

i
N i)¿

d¿ +
¦M j

r
(1 ¡e¡rT)e

¡(r+ ¸T P
i
N i)

(7 )

Inequation(6), ¸N i isthepoissonarrivalrateofinnovationfor…rm i devoting
N iamountofresources toR &D with ¸ > 0 beingaparameterre‡ectingthepro-
ductivityoftheresearchtechnology. A partfrom foregoneconsumption, thereis a
…xedcostF ;that…rmspayinordertoengageinR &D . A tanypointintime, …rm
i innovateswithprobability¸N iandaccruesthevalueofthepatent, V:

A …rm thatobtains acertainquality improvementkeeps theprivateproperty
ofthis innovationonlyduring thelegalpatentlife-time, T: H owever, ifthenext
innovation arrives before T elapses, then theactuallife-timeofthe patentwill
belimitedbythedurationbetweenthesetwoconsecutiveinnovations.A sapoisson
processisassumedforinnovations, thedurationbetweentwoconsecutiveinnovations
followsanexponentialdistributionwithanarrivalrateof (̧

P
iN i). A ccordingly,

theexpectedvalueofapatentgiveninequation(7 ) iscomposedoftwotermsthat
capturetheprobabilityofhavingthenextinnovationbeforeorafterT elapses, with
rdenotingtheinterestrate.

Concentratingon symmetricequilibrium, weanalyzethecasewhereall…rms
devotethesameamountofresourcestoR &D inordertoimprovethequalityofthe
varietywhichwould inducethehighestamountofmonopolypro…t.T hus, without
lossofgenerality, assumingthatN i= N foralli andmax{ ¦M j ,;j2 [0 ;1 ]g=¦;
the…rstorderconditionforamaximum becomes:
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¦̧ 2 N S
r+ ¸N S

(1 ¡e¡(r+ ¸N S)T)+
¦̧ (1 ¡e¡rT)e¡¸N ST

r
+

¦̧ 2 N r
(r+ ¸N S)2

(1 ¡e¡(r+ ¸N S)T)

+
¦̧ 3N 2 T Se¡(r+ ¸N S)T

r+ ¸N S
¡¦̧ 2 N T (1 ¡e¡rT)e¡¸N ST

r
=1 (8)

whereS isthenumberofsymmetric…rmsengagedinR &D . ItisevidentthatS
isboundedas itisadecreasingfunctionofthe…xedR &D cost, F :

3 EconomicG rowth

U sing(2) and(4), thelevelofaggregateoutput(Y )canberecastas:

Y = L 1¡®
1Z

0

h
qM j(® 2q®M j)

1
1¡® L

i®
dj) Y = L ®

2 ®
1¡® Q (9 )

whereQ ´
R1
0 q

®
1¡® M jdj is theaggregatequalityindex. H ence, thegrowthrate

ofoutputis equaltothegrowth rateofQ . Foravariety j, theproportionate
changeinQ duetoasuccessfulinnovationis(q

®
1¡® ¡1 )and, underthesymmetric

equilibriumhypothesis, the‡owpropobabilityofasuccessduetopoissonprocessis
¸N S . A ccordingly, theexpectedgrowthrateoftheeconomycanbestatedas:

g=E

2
4
²
Y
Y

3
5 =¸N S

³
q

®
1¡® ¡1

´
(10)

Forhavinga positive economicgrowth, the amountofresources devoted to
R &D byeach …rm shouldbepositiveas thenumberof…rms engaged in R &D is
bounded.Checking the…rstorderconditiongiven in(8) whenS ! 0 and S ! 1
leadstotheconditions¸¦> rand¸¦=1 ;respectively, inordertohaveN > 0 :¸¦
canbeinterpretedastheexpectedrateofreturnfrom investingoneunitofforegone
consumptioninR &D .Clearly, itshouldbebiggerthantheinterestrateinorderto
givesu¢cientincentiveto…rmstoinnovate.

3.1 G rowth-M aximizingPatentL ife-time

U ndersymmetricequilibrium, forgiven S;the government’s problem tosetthe
legalpatentlife-timethatmaximizes economicgrowth reduces tomaximizingN
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withrespecttoT:Implicitdi¤erentiationof(8) yieldsthefollowingconditionfora
growth-maximizingpatentlife-time:

@N
@T =0 )

(1 ¡¸N T)(1 + ¸N S)e¡(r+ ¸N S)T +

¸N (̧ N S T ¡S ¡1 )(1 ¡e¡rT)e¡¸N ST

r
+
¸N re¡(r+ ¸N S)T

r+ ¸N S
=0 (11)

T hesolutiontothegovernment’sproblem canbeobtainedthroughsolving(8)
and(11)simultaneously.U nfortunately, wehavenotbeenabletoconductacomplete
algebraicanalysis and sowehave proceeded with numericalsimulations. T hese
simulationsshowthat, undertheconditionr< ¸¦< 1 ;a…nitegrowthmaximizing
patentlife-timedoesexistandisunique.

4 N umericalA nalysis

T heaim ofournumericalanalysis is tocharacterizethelegalpatentlife-timethat
maximizes economicgrowthandtoseehowitchangeswithrespecttothelevelof
competitioninR &D , namelythenumberof…rmsengagedinresearch, interestrate,
monopolypro…tandtheresearchproductivityparameter.

Figure 1 can beused toillustratethe legalpatentlife-time, T ?;thatwillbe
setbygovernmentin ordertomaximizeeconomicgrowthandthecorresponding
amountofresourcesdevotedtoR &D byeach…rm, N ?;undertheparametervalues
reportedinTable12.

Table1
ParameterValuesandCorrespondingT ? and N ?

¸ =0 :0 0 0 5 ¦=50 0 r=0 :0 5 S =1 0 0 T ? =1 0 :354 N ? =1 :575

In …gure1, accordingtotheconditions given in (8) and(11), wehaveplotted
twocurves(withacontinousandadashedline, respectively) thatgivetheamount

2W ehaveassignedthevalueof¸ inthelineoftheemprical…ndingsofD uguetandKabla(19 9 8).
Forsakeofexpositionalsimplicity, wehaveassignedarbitraryvaluesfor¦ ;beingawareofthefact
that, indeed, itdependsontheparameters, ®;qandM j:Finally, wehavesetausualvalueforthe
interestrate.
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Figure1: CharacterizingG rowthM aximizingPatentL ife-T ime

ofresourcesdevotedtoR &D byeach…rm interms oflegalpatentlife-time. T he
intersectionofthetwogives thesolution tothegovernment’s problem, T ?: A s is
clearfrom theFigure, foradmissibleparametirizations, a…nitegrowthmaximizing
patentlife-timeexistsandisunique.

W eobservethatanincreaseinthenumberof…rms, thusthelevelofcompetition
inR &D sector, leadstoadecreaseinthenumberofresourcesdevotedtoresearch
byeach…rm. H oweveritincreases thetotalR &D investment, N ¤S:3 T his implies
adeclineintheexpecteddurationthatwouldelapsebetweentwoconsecutivein-
novations, which inturnreduces theincentiveofeach…rm toengagein R &D . To
compensateforthis, thegovernmentsetsahigherlegalpatentlife-timeinorderto
maximize N , henceeconomicgrowth. In Table2, forgiven parametervalues (̧ ;
¦andr);wehavereported T ? and thecorrespondingN ? valueswithrespectto
di¤erentnumbersof…rms inR &D .

3L oury(19 7 9 ) has alsocon…rmedthesamerelationship betweenthenumberof…rms, thetotal
amountofR &D investmentandtheexpectedtimetoinvention. H owever, hehasnotdealtwith
economicgrowthandthusgrowth-maximizingpatentlife-time, which is themainconcernofthis
paper.
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Table2
TheImpactoftheL evelofCompetitionin R&D

¸ =0 :0 0 0 5;
¦=50 0 ;r=0 :0 5 S =1 S =1 0 S =1 0 0 S =1 0 0 0 S =1 0 6

T ? 9 .39 4 10.29 7 10.354 10.357 10.358
N ? 7 1.128 14.412 1.57 5 0.159 0.016

W ealsoperform numericalexercises foranalyzingthe impactofdi¤erentr;̧
and¦onT ?:T heresultsarecontainedinTables3, 4and5.

Table3
TheImpactoftheInterestRate

¸ =0 :0 0 0 5;
¦=50 0 ;S =1 0 0 r=0 :0 5 r=0 :1 0 r=0 :1 5 r=0 :20

T ? 10.354 10.9 21 11.9 83 14.238
N ? 1.57 5 1.053 0.608 0.247

Table4
TheImpactofResearchTechnologyParameter

r=0 :0 5;
¦=50 0 ;S =1 0 0 ¸ =0 :0 0 0 2 ¸ =0 :0 0 0 5 ¸ =0 :0 0 1 0 ¸ =0 :0 0 1 5

T ? 29 .17 5 10.354 4.669 2.7 09
N ? 0.7 61 1.57 5 2.320 3.455

Table5
TheImpactofM onopolyPro…t

¸ =0 :0 0 0 5;
S =1 0 0 ;r=0 :0 5

¦=20 0 ¦=50 0 ¦=1 0 0 0 ¦=1 50 0

T ? 29 .17 5 10.354 4.669 2.7 09
N ? 0.305 1.57 5 4.640 10.365

A higherrateofinterestimplies alowerexpectedvalueforapatentas …rms
would discountfuture pro…ts more. T he incentive to innovate reduces duetoa
decreaseintheexpectednetgainperunitofresources (̧ ¦¡r)devotedtoR &D .
T hus, theoptimallegalpatentlife-timemaximizingeconomicgrowthincreases.O n
theotherhand, anincreaseintheexpectednetgainperunitofresources(duetoan
increaseineither¸ or¦)risestheincentivetoinnovatesothatasmallervalueofa
legalpatentlife-timewouldsu¢cetoreachthemaximumlevelofeconomicgrowth.
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5 Conclusion

Inthispaper, wehavecharacterizedthepatentlife-timethatwouldbesetbygov-
ernment(T ?)inordertomaximizeeconomicgrowthwithinanendogenousgrowth
modelwithverticaldi¤erentiationandstochasticR &D activity. T hroughnumer-
icalsimulation, we have shown thata …nite growth maximizingpatentlife-time
does existand is unique. W e havealsoshown that, T ? increases with the level
ofcompetition in R &D sectorandthe interestratewheras itdecreases with the
monopolypro…tandtheproductivityparameterofresearchtechnology. Forfuture
work, alongwithpatentlife-time, theimpactofotherpolicyinstruments (suchas
patentbreadth) oneconomicgrowthwouldbeanalyzed.

R eferences
[1]A ghion, P.andP. H owitt(19 9 2) ”A modelofgrowththroughcreativedestruc-

tion”, Econometrica, 60(2), Jan.-June, pp.323-51;

[2]B arro, R .J.andX . Sala-i-M artin(19 9 5) ”EconomicG rowth”, M cG raw-H ill;

[3]D asgupta, P.andJ. Stiglitz(19 80) ”U ncertainty, industrialstructure, andthe
speedofR &D ”, T heBellJournalofEconomics, 11, pp.1-28;

[4]D enicolo’, V .(19 9 9 )”T heoptimallifeofapatentwhenthetimingofinnovation
isstochastic”, InternationalJournalofIndustrialO rganization, 17 (6), pp.827 -
46;

[5]D uguet, E. andI. Kabla(19 9 8) ”A ppropriationstrategyandthemotivations
tousethepatentsystem: aneconometricanalysis atthe…rm levelinFrench
manufacturing”, A nnales d’Economie etde Statistique, 0(49 -50), Jan.-June,
pp.28 9 -327 ;

[6]G rossman, G .M .andE.H elpman(19 9 1) ”Innovationandgrowthintheglobal
economy”, Cambridge, M A , M IT Press;

[7 ]Judd, K.L . (19 85) ”O n the performance ofpatents”, Econometrica, 53(3),
pp.567 -85;

[8]L oury, G .C. (19 7 9 ) ”M arketstructureand innovation”, Q uarterlyJournalof
Economics, 9 3(3), pp.39 5-410;

10



[9 ]M ichel, P.andJ. N yssen(19 9 8) ”O nknowledgedi¤usion, patentslifetimeand
innovationbasedendogenous growth”, A nnales d’Economieetde Statistique,
0(49 -50), Jan.-June, pp.7 7 -103;

[10]R omer, P.M . (19 9 0) ”Endogenous technologicalchange”, JournalofPolitical
Economy, 9 8(5), pp.S7 1-102;

[11]Schumpeter, J. (19 42) ”Capitalism, socialism anddemocracy”, A llenandU n-
win, L ondon;

[12]Segerstrom, P.S., T .C.A . A nantandE. D inopoulos (19 9 0) ”A schumpeterian
modeloftheproductlifecycle”, A mericanEconomicReview, 80(5), pp.107 7 -9 1.

11


