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dxwkru1



DEVWUDFW

Wklv sdshu h{dplqhv wkh w|shv ri frlqwhjudwlrq zklfk fdq dsso| ehwzhhq vhdvrqdo
wlph vhulhv surfhvvhv1 Lq sduwlfxodu/ wkuhh w|shv duh lghqwl�hg/ zklfk duh uhihuuhg wr
dv vhdvrqdo frlqwhjudwlrq/ shulrglf frlqwhjudwlrq dqg qrqshulrglf frlqwhjudwlrq1 Wkh
flufxpvwdqfhv lq zklfk hdfk ri wkhvh w|shv ri frlqwhjudwlrq lv uhohydqw lv h{dplqhg lq
d elyduldwh frqwh{w dqg lw lv vkrzq wkdw/ hyhq zkhq erwk vhulhv duh �uvw rughu qrqvwd0
wlrqdu|/ wkh srvvleoh irup+v, iru dq| frlqwhjudwlrq ghshqgv fuxfldoo| rq wkh xqlyduldwh
xqlw urrw surshuwlhv ri wkh vhulhv1 Zkhq erwk surfhvvhv duh +frqyhqwlrqdoo|, lqwhjudwhg
ru shulrglfdoo| lqwhjudwhg/ frlqwhjudwlrq fdq rqo| eh qrqshulrglf ru shulrglf dqg lq wkh
odwwhu fdvh wkh frlqwhjudwlrq frh!flhqwv duh uhodwhg wr wkh shulrglf lqwhjudwlrq frh!0
flhqwv ri wkh vhsdudwh yduldeohv1 Wkh ulfkhvw vhw ri frlqwhjudwlrq srvvlelolwlhv hphujh
zkhq erwk vhulhv duh vhdvrqdoo| lqwhjudwhg/ vlqfh doo wkuhh w|shv ri frlqwhjudwlrq fdq
wkhq dsso| dqg/ lqghhg/ sduwldo frlqwhjudwlrq fdq krog zkhuhe| wkh vwdwlrqdu| olqhdu
frpelqdwlrqv gr qrw dsso| wr doo xqlyduldwh xqlw urrwv1 Shulrglf dqg vhdvrqdo frlqwhjud0
wlrq duh vkrzq wr lpso| glvwlqfw uhvwulfwlrqv/ zkloh qrqshulrglf lqwhjudwlrq lv vkrzq
wr eh d vshfldo fdvh ri vhdvrqdo lqwhjudwlrq1 Lq wkh oljkw ri wkh dqdo|vlv khuh/ vrph
frpphqwv duh pdgh rq suhylrxvo| sxeolvkhg vwxglhv1
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41 LQWURGXFWLRQ

Frlqwhjudwlrq iru vhdvrqdo wlph vhulhv surfhvvhv uhpdlqv d vrphzkdw shusoh{lqj lvvxh1
Lw kdv orqj ehhq uhfrjqlvhg wkdw wkh vhdvrqdo sdwwhuq lq d xqlyduldwh wlph vhulhv pd|
eh qrqvwdwlrqdu|/ vr wkdw vhdvrqdo gl�huhqflqj fdq eh uhtxluhg wr uhqghu vxfk d vwd0
wlrqdu|1 Dowkrxjk surfhgxuhv duh qrz dydlodeoh iru whvwlqj iru xqlw urrwv lq vhdvrqdo
wlph vhulhv/ wkh dvvrfldwhg lvvxh ri krz frlqwhjudwlrq vkrxog eh dssurdfkhg uhpdlqv idu
iurp fohdufxw1 Rq wkh rqh kdqg/ K|oohehuj hw do1 +4<<3, ylhz vhdvrqdo frlqwhjudwlrq
lq whupv ri wkh vhsdudwh +}hur dqg vhdvrqdo iuhtxhqf|, xqlw urrwv lpsolhg e| vhdvrqdo
gl�huhqflqj1 Wklv urxwh kdv ehhq iroorzhg lq d qxpehu ri vxevhtxhqw dqdo|vhv/ lq0
foxglqj Ohh +4<<5,/ Hqjoh hw do1 +4<<6,/ Mrkdqvhq dqg Vfkdxpehuj +4<<<,1 Rq wkh
rwkhu kdqg/ frlqwhjudwlrq pd| eh frqvlghuhg vhdvrq e| vhdvrq/ zlwk wklv urxwh ohdglqj
wr zkdw lv nqrzq dv shulrglf frlqwhjudwlrq1 Shulrglf frlqwhjudwlrq dsshduv wr kdyh
ehhq dssolhg �uvw e| Elufkhqkdoo hw do1 +4<;<,/ zlwk vxevhtxhqw zrun e| Iudqvhv dqg
klv fr0dxwkruv/ lqfoxglqj wkh wkhruhwlfdo dqdo|vlv ri Ervzlmn dqg Iudqvhv +4<<8,1 Wkh
gl!fxow| lv wkdw wkhvh duh xvxdoo| vhhq dv wzr glvwlqfw urxwhv iru frlqwhjudwlrq/ zlwk
wkh sudfwlwlrqhu vhohfwlqj wkh rqh v2kh idqflhv edvhg rq sulru suhmxglfhv dqg qrw rq d
v|vwhpdwlf dqdo|vlv ri wkh gdwd1

Iudqvhv +4<<6/ 4<<8/ 4<<9, kdv pdgh d jrrg vwduw lq frpsdulqj wkh wzr dssurdfkhv/
exw klv dqdo|vlv lv lqfrpsohwh lq d qxpehu ri uhvshfwv1 Wkh lqwhqwlrq ri wkh fxuuhqw
sdshu lv wr surylgh d pruh frpsohwh dqdo|vlv ri wkh lvvxh/ ghwdlolqj wkh flufxpvwdqfhv lq
zklfk vhdvrqdo frlqwhjudwlrq/ shulrglf frlqwhjudwlrq dqg wkh xvxdo frqvwdqw sdudphwhu
+qrqvhdvrqdo, frlqwhjudwlrq dssurdfkhv duh dssolfdeoh1 Zh dovr frqvlghu d uhodwlyho|
sduvlplqrxv qhvwhg dssurdfk zklfk doorzv wkh srvvlelolwlhv wr eh glvwlqjxlvkhg1

Wkh shulrglf uhsuhvhqwdwlrq ri d wlph vhulhv lv ixqgdphqwdo wr rxu dssurdfk +dqg/
lqghhg/ wkdw ri Iudqvhv,1 Lq wklv uhsuhvhqwdwlrq/ wkh txduwhuo| revhuydwlrqv iru wkh
yduldeoh % +vd|, fdq eh ghqrwhg dv %r� / zkhuh r uhodwhv wr wkh vhdvrq +r ' �c 2c�c e, dqg
� wr wkh |hdu +� ' �c ���c A� ,1 Frqyhqwlrqdoo|/ wkh �uvw dydlodeoh revhuydwlrq lv dvvxphg
wr uhodwh wr txduwhu 4/ dqg khqfh lv ghqrwhg %��1 Wkh e�� dqqxdo yhfwru ri revhuydwlrqv
iru |hdu � fdq eh zulwwhq f� ' E%�� c %2� c %�� c %e� �

�1 Iru vlpsolflw|/ wkurxjkrxw prvw ri
wklv sdshu zh dvvxph txduwhuo| wlph vhulhv1 Dovr wr nhhs wkh dujxphqwv dv vlpsoh dv
srvvleoh/ zh lqlwldoo| lqyhvwljdwh frlqwhjudwlrq lvvxhv dvvxplqj wzr yduldeohv/ qdpho| +
dqg %1

Sulru wr wkh vxevwdqwldo glvfxvvlrq ri frlqwhjudwlrq/ Vhfwlrq 5 fodul�hv xqlyduldwh
frqfhswv lq wklv vhdvrqdo frqwh{w dqg dovr suhvhqwv gh�qlwlrqv ri frlqwhjudwlrq xvhg
odwhu1 Vhfwlrq 6 wkhq ghwdlov wkh lpsolfdwlrqv ri wkh ydulrxv w|shv frlqwhjudwlrq dqg od|v
rxw wkh uhodwlrqvklsv ehwzhhq wkhp1 D frqfoxglqj vhfwlrq surylghv vrph glvfxvvlrq1
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51 SUHOLPLQDU\ GHILQLWLRQV

5141 Xqlyduldwh Frqfhswv

Wkh xqlw urrw surshuwlhv ri wkh xqlyduldwh yduldeoh %r� fdq eh uhsuhvhqwhg dv frlqwhjudw0
lqj uhodwlrqvklsv ehwzhhq wkh hohphqwv ri wkh yhfwru f� > vhh Rveruq +4<<6, dqg/ iru
juhdwhu ghwdlo/ Iudqvhv +4<<7,1 Wkxv/ zh fdq zulwhf� lq wkh YDU+�n�, uhsuhvhqwdwlrq

{ef� ' �f�3� n
�[

�'�

x�{ef�3� n L� +514,

zkhuh {e ' � � ue lv wkh dqqxdo gl�huhqfh rshudwru/ vr {e%r� ' %r� � %rc�3�/ zkloh
L� � ��_EfcP� zlwk P ehlqj srvlwlyh gh�qlwh1 Lqghhg/ zh zloo xvh wkh qrwdwlrq L� wr
uhihu wr d jhqhulf zklwh qrlvh yhfwru zlwk wkhvh surshuwlhv1 Zh dovr xvh wkh odj rshudwru
u dqg lw lv lpsruwdqw wr dssuhfldwh wkdw wklv rshudwhv rq wkh vhdvrq dqg qrw wkh |hdu/
vr wkdw u%r� ' %r3�c� zlwk ue%r� ' %r� � %rc�3�1 Lw vkrxog dovr eh qrwhg wkdw zkhq
wkh odjjhg yduldeoh furvvhv d |hdu/ vxfk wkdw u�%r� ' %r3�c� zlwk r � � � f/ wkhq lw lv
xqghuvwrrg wkdw %r3�c� � %r3�nec�3�1

Rxu �uvw gh�qlwlrq fodul�hv zkdw zh phdq e| �uvw rughu qrqvwdwlrqdulw| lq wkh
suhvhqw frqwh{w1

Gh�qlwlrq 41 Wkh txduwhuo| wlph vhlhv surfhvv % lv �uvw rughu qrqvwdwlrqdu|
zkhq hdfk ri wkh irxu dqqxdo surfhvvhv iru wkh txduwhuv/ qdpho| %r� Er '
�c 2c�c e�c lv lwvhoi lqwhjudwhg ri rughu 41

Wkxv/ li % lv �uvw rughu qrqvwdwlrqdu|/ wkhq hdfk ri wkh irxu vhsdudwh surfhvvhv %r�

+r ' �c 2c �c e, lv d frqyhqwlrqdo UE�� surfhvv zkhq frqvlghuhg ryhu |hduv � ' �c2c ��� 1
Lq sduwlfxodu/ wklv gh�qlwlrq uxohv rxw fdvhv zkhuh vrph lqglylgxdo %r� +r ' �c 2c �c e,
duh vwdwlrqdu| dqg rwkhuv lqwhjudwhg/ vlqfh wklv vhhp wr eh lpsodxvleoh lq wkh frqwh{w
ri wkh ryhudoo vhulhv %r� +r ' �c 2c �c ec � ' �c 2c ���,1

Lpsruwdqw vshfldo fdvhv ri lqwhuhvw wr xv/ glvfxvvhg lq wkh wlph vhulhv olwhudwxuh wr
gdwh/ duh vhw rxw lq Gh�qlwlrq 51

Gh�qlwlrq 51 Iru wkh txduwhuo| wlph vhulhv surfhvv %/ vshfl�f irupv ri �uvw
rughu qrqvwdwlrqdulw| lqfoxgh=

+l, % lv +qrqvhdvrqdoo| dqg qrqshulrglfdoo|, lqwhjudwhg/ ru % � UE��/ zkhq
� kdv udqn 6 dqg wkh wkuhh frlqwhjudwlqj uhodwlrqvklsv fdq eh zulwwhq dv
wkh txduwhuo| gl�huhqfhv %2� � %�� / %�� � %2� / %e� � %�� >

+ll, % lv shulrglfdoo| lqwhjudwhg/ ru + � �UE��/ zkhq � kdv udqn 6 dqg wkh
wkuhh frlqwhjudwlqj uhodwlrqvklsv fdq eh zulwwhq dv %2��k2%�� / %�� �k�%2� /
%e� � ke%�� zlwk dw ohdvw rqh kr 9' � +r ' 2c �c e,>

+lll, % lv vhdvrqdoo| lqwhjudwhg/ ghqrwhg % � 7UE��/ zkhq � kdv udqn }hur
dqg khqfh � ' f1
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Qrwlfh wkdw wkh dssursuldwh wudqvirupdwlrq wr uhpryh wkh qrqvwdwlrqdulw| lq %
gl�huv dfurvv wkh wkuhh fdvhv1 Dowkrxjk hdfk lpsolhv wkh vhsdudwh vhulhv {e%r� duh
vwdwlrqdu| iru r ' �c2c �c e/ vxfk dqqxdo gl�huhqflqj uhsuhvhqwv ryhu0gl�huhqflqj zkhq
wkh yhfwru f� lv frqvlghuhg/ h{fhsw zkhq % � 7UE��1 Lq rwkhu zrugv/ gxh wr wkh
suhvhqfh ri frlqwhjudwlqj uhodwlrqvklsv lq wkh uhpdlqlqj wzr fdvhv deryh/ frpprq
wuhqgv duh suhvhqw ehwzhhq wkh dqqxdo vhulhv %r�Er ' �c2c �c e� dqg wkh pxowlyduldwh
Zrog uhsuhvhqwdwlrq

{ef� ' �Eue�0�

+zkhuh 0� � ��_ kdv phdq yhfwru 3 dqg srvlwlyh gh�qlwh fryduldqfh pdwul{, lpsolhv d
qrqlqyhuwleoh prylqj dyhudjh iru {ef� 1 Wklv qrqlqyhuwlelolw| lv d gluhfw frqvhtxhqfh
ri wkh uhgxfhg udqn ri �E�� hvwdeolvkhg lq Judqjhu Uhsuhvhqwdwlrq Wkhruhp +Hqjoh
dqg Judqjhu/ 4<;:,1

Lw vkrxog eh qrwhg wkdw zkhq % � UE��/ wkhq wkh wkuhh frlqwhjudwlqj uhodwlrqvklsv
vshfl�hg deryh dovr lpso| wkdw wkh uhpdlqlqj �uvw gl�huhqfh %���%ec�3� lv vwdwlrqdu|41
Vlploduo|/ zkhq % � �UE�� wkh wkuhh frlqwhjudwlqj uhodwlrqvklsv qrwhg deryh lpso| wkdw
+�� �k�+e� lv vwdwlrqdu|/ zlwk k� ' �*k2k�ke1 Lq sudfwlfh/ shulrglf lqwhjudwlrq xvxdoo|
kdv kr : f iru r ' �c 2c �c e/ exw wklv qrqqhjdwlylw| lv qrw vwulfwo| uhtxluhg1

Wkh fdvh ri vhdvrqdo lqwhjudwlrq lv dq h{wuhph rqh lq wkh vhqvh wkdw lw lpsolhv qr
frlqwhjudwlrq ehwzhhq wkh vhulhv iru wkh irxu txduwhuv ri wkh |hdu1 Lq rwkhu zrugv/ dv
hpskdvlvhg e| Rveruq +4<<6,/ lw lpsolhv wkdw irxu glvwlqfw xqlw urrw surfhvvhv gulyh
wkh revhuyhg ydoxhv iru wkh irxu txduwhuv1 Edvhg rq wkh vhdvrqdo xqlw urrw dqdo|0
vlv ri K|oohehuj/ Hqjoh/ Judqjhu dqg \rr +4<<3,/ ru KHJ\/ Iudqvhv +4<<7, vhwv rxw
rwkhu srvvlelolwlhv zkhuh � lq +514, frqwdlqv ehwzhhq 4 dqg 6 vshfl�hg frlqwhjudwlqj
uhodwlrqvklsv1 Wkh KHJ\ dqdo|vlv lv edvhg rq wkh idfwrulvdwlrq

{e ' E�� u�E� n un u2 n u��

' E�� u�E� n u�E�	 �u� +515,

zkhuh � '
s��1 Doo idfwruv lq +515, duh qrqvwdwlrqdu|/ zlwk wkh vhfrqg olqh vkrzlqj

fohduo| wkdw wkh irxu idfwruv duh hdfk ri prgxoxv rqh1
Dqrwkhu srlqw zloo eh lpsruwdqw lq wkh odwhu glvfxvvlrq ri frlqwhjudwlrq1 Wkdw lv/

wkh KHJ\ dqdo|vlv lv edvhg rq wkh yhfwru ri yduldeohv
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6
:::8 +516,

zkhuh/ iru odwhu xvh/ wkh qrqvlqjxodu wudqvirupdwlrq pdwul{ xvhg khuh lv gh�qhg dv A /

4E| vxpplqj wkh wkuhh frlqwhjudwlqj uhodwlrqvklsv vshfl�hg deryh/ lw lv fohdu wkdw |4� � |7� pxvw

eh vwdwlrqdu|1 Krzhyhu/ vlqfh |7� � |7>��4 lv vwdwlrqdu|/ lw iroorzv wkdw |4� � |7>��4 lv dovr vwdwlrqdu|1
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Wkh xvh ri wkh KHJ\ yduldeohv gh�qhg e| +516, udwkhu wkdq wkh revhuyhg txduwhuo|
vhulhv lv lpsruwdqw iru lqwhusuhwdwlrq1 Zkhq % � 7UE�� wkhq/ e| frqvwuxfwlrq/ wkh
surfhvv %E��r� kdv wkh vlqjoh xqlw urrw n�/ %E2�r� kdv wkh vlqjoh xqlw urrw ��c zkloh %E��r�

dqg %Ee�r� frqwdlq rqo| wkh frpsoh{ sdlu ri urrwv 	�1 Wkxv/ KHJ\ dvvrfldwh wkh qrq0
vwdwlrqdulw| lq % gluhfwo| zlwk wkh }hur iuhtxhqf| xqlw urrw n� dqg wkh vhdvrqdo xqlw
urrwv ��c	� wkurxjk wkh xvh ri wkhvh yduldeohv1 Wkh shulrglf dssurdfk/ rq wkh rwkhu
kdqg/ h�hfwlyho| ylhzv wkh revhuyhg vhulhv %r� +r ' �c 2c �ce, dv irxu vhsdudwh UE��
surfhvvhv/ zlwk rqh xqlw urrw dwwdfkhg wr hdfk1 Wkh pdwul{ A fdswxuhv wkh uhodwlrqvkls
ehwzhhq wkh wzr dssurdfkhv dqg lv glvfxvvhg lq ghwdlo lq Jk|vhov dqg Rveruq +5334,1
Wkh lpsruwdqw srlqw iru rxu glvfxvvlrq lv wkdw zkhq % � 7UE�� irxu xqlw urrwv duh
suhvhqw lq f� dqg wkh fkrlfh ehwzhhq wkh KHJ\ dqg shulrglf ylhzv ri wkh vrxufh ri
wkh qrqvwdwlrqdulw| lv sxuho| d pdwwhu ri lqwhusuhwdwlrq1

Iudqvhv +4<<7, sursrvhv wkdw wkh Mrkdqvhq +4<;;, frlqwhjudwlrq phwkrgrorj| vkrxog
eh xvhg wr ghwhuplqh wkh udqn ri � dqg/ frqglwlrqdo rq wklv udqn/ wr whvw wkh uhvwulfwlrqv
lpsolhg e| wkh srvvlelolwlhv ri lqwhuhvw1 Krzhyhu/ wklv surfhgxuh lv kljko| sdudphwhulvhg
lq wkh vhdvrqdo frqwh{w/ ohdglqj wr wkh srvvlelolw| wkdw lw pd| eh xqdeoh wr glvfulplqdwh
ehwzhhq wkh gl�huhqw fdvhv rxwolqhg deryh1

Dowkrxjk yhu| lpsruwdqw lq sudfwlfh/ lw lv qrw wkh sxusrvh ri wkh suhvhqw sdshu
wr h{dplqh wkh lvvxhv frqfhuqhg zlwk ghwhuplqlqj wkh qdwxuh ri wkh qrqvwdwlrqdulw|
lq xqlyduldwh f� 1 Udwkhu/ wkh sxusrvh khuh lv wr frqvlghu frlqwhjudwlrq1 Lq vxfk
d pxowlyduldwh frqwh{w/ hdfk txduwhuo| wlph vhulhv surfhvv kdv d YDU uhsuhvhqwdwlrq
dqdorjrxv wr +514,1 Zkhuh qhfhvvdu|/ zlwk wzr yduldeohv + dqg % zh glvwlqjxlvk wkh
pdwulfhv zklfk ghwhuplqh wkh w|sh ri qrqvwdwlrqdulw| lq hdfk dv�+ dqg�% uhvshfwlyho|1

5151 Frlqwhjudwlrq iru Vhdvrqdo Surfhvvhv

Lq wkh frqwh{w ri vhdvrqdo yduldeohv/ wkuhh w|shv ri frlqwhjudwlrq kdyh ehhq xvhg wr gdwh1
Zh uhihu wr wkhvh dv vhdvrqdo frlqwhjudwlrq +iroorzlqj KHJ\/ Hqjoh hw do1/ 4<<6/ Mr0
kdqvhq dqg Vfkdxpexuj/ 4<<<,/ shulrglf lqwhjudwlrq +xvhg e| Elufkhqkdoo hw do1/ 4<;</
Ervzlmn dqg Iudqvhv/ 4<<8/ dqg rwkhuv, dqg wkh frqyhqwlrqdo irup ri frlqwhjudwlrq/
zklfk zh whup qrqshulrglf frlqwhjudwlrq1

Wdnlqj wkh fdvh ri wzr yduldeohv +% dqg +, iru vlpsolflw|/ zh �uvw gh�qh vhdvrqdo
frlqwhjudwlrq iurp wkh dqdo|vlv ri Mrkdqvhq dqg Vfkdxpexuj +4<<<, dv iroorzv=

Gh�qlwlrq 61 Iru txduwhuo| wlph vhulhv surfhvvhv %c + � 7UE��/ ixoo vhdvrqdo
frlqwhjudwlrq krogv zkhq d frlqwhjudwlqj uhodwlrqvkls dssolhv ehwzhhq hdfk
ri wkh iroorzlqj sdluv ri wudqviruphg surfhvvhv=
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+l, E� n un u2 n u��+r� dqg E� n u n u2 n u��%r� (

+ll, E� � un u2 � u��+r� dqg E� � u n u2 � u��%r� (

+lll, duE�� u2� n �E� � u2�o+r� dqg duE� � u2� n �E� � u2�o%r� (

+ly, duE� � u2�� �E�� u2�o+r� dqg duE�� u2�� �E�� u2�o%r� 1

Ixuwkhu/ iru vxfk surfhvvhv }hur iuhtxhqf| frlqwhjudwlrq lv vdlg wr dsso|
zkhq wkh yduldeohv ri +l, frlqwhjudwh/ frlqwhjudwlrq dw wkh vhpl0dqqxdo iuh0

txhqf| krogv zkhq frlqwhjudwlrq dssolhv ehwzhhq wkh yduldeohv ri +ll,/ zkloh
frlqwhjudwlrq dw wkh dqqxdo iuhtxhqf| krogv zkhq wkh frpsoh{ sdluv lq +lll,
dqg +ly, duh frlqwhjudwhg1

Qrwlfh wkdw wkh gh�qlwlrq uhtxluhv erwk % dqg + wr eh vhdvrqdoo| lqwhjudwhg dqg
khqfh wr kdyh doo xqlw urrwv lpsolhg e| wkh idfwrulvdwlrq +515,1 Wkh frlqwhjudwlqj
uhodwlrqvkls iru +l, uhpryhv wkh }hur iuhtxhqf| xqlw urrw +wkh xqlw urrw 4, suhvhqw lq
hdfk ri + dqg %> zh ghqrwh wkh frlqwhjudwlqj yhfwru dv E�c�&�,1 Khuh/ dqg wkurxjkrxw
wkh sdshu/ zh qrupdolvh wkh frlqwhjudwlqj yhfwru vr wkdw wkh frh!flhqw rq +wudqviruphg,
+ lv xqlw|1 Wkxv/ wkh vwdwlrqdu| olqhdu frpelqdwlrq lpsolhg e| wkh frlqwhjudwlrq lq +l,
fdq eh zulwwhq dv

+r� n +r3�c� n +r32c� n +r3�c� � &�E%r� n %r3�c� n %r32c� n %r3�c� �� +518,

Wkh frlqwhjudwlrq lq +ll, uhodwhv wr wkh vhpl0dqqxdo iuhtxhqf| xqlw urrw +wkh xqlw urrw
04,/ dqg zh ghqrwh wkh frlqwhjudwlqj yhfwru dv E�c�&2� zlwk wkh yduldeoh

+r� � +r3�c� n +r32c� � +r3�c� � &2E%r� � %r3�c� n %r32c� � %r3�c�� +519,

vwdwlrqdu|1 Iurp +516, lw lv fohdu wkdw wkh frlqwhjudwlqj uhodwlrqvklsv ri +518, dqg +51<,
uhodwh wr wkh sdluv ri yduldeohv +%E��r� c +

E��
r� , dqg +%E2�r� c +

E2�
r� , uhvshfwlyho|1

Wkh dqdo|vlv lq wkh fdvh ri 	� lv ohvv vwudljkwiruzdug dqg ghvhuyhv d olwwoh glvfxvvlrq1
Ehfdxvh wkh yduldeohv lq +lll, dqg +ly, irup frpsoh{ frqmxjdwh sdluv/ wkh wzr +frpsoh{,
frlqwhjudwlqj uhodwlrqvklsv pxvw wkhpvhoyhv irup d frpsoh{ sdlu1 Frqwlqxlqj wr qru0
pdolvh wkh frh!flhqw ri wkh wudqviruphg + yduldeoh wr xqlw|/ wkh frlqwhjudwlqj yhfwruv
fdq eh uhsuhvhqwhg dv E�c�&- 	 �&U�1 Lw fdq wkhq eh vhhq wkdw frlqwhjudwlrq iru wkhvh
vhulhv lpsolhv wkdw wkh frpsoh{ frqmxjdwh sdlu ri wlph vhulhv

+r3�c� � +r3�c� � &U%r� � &-%r3�c� n &U%r32c� n &-%r3�c�

n�d+r� � +r32c� � &-%r� n &U%r3�c� n &-%r32c� � &U%r3�c� o +51:,

dqg

+r3�c� � +r3�c� � &U%r� � &-%r3�c� n &U%r32c� n &-%r3�c�

��d+r� � +r32c� � &-%r� n &U%r3�c� n &-%r32c� � &U%r3�c� o +51;,

:



duh vwdwlrqdu|1 Wkhvh duh/ krzhyhu/ lqfrqyhqlhqw dqg qrw hdvlo| lqwhusuhwdeoh ehfdxvh
wkh| lqyroyh frpsoh{0ydoxhg yduldeohv dqg frh!flhqwv1 Wklv fdq eh dyrlghg/ dv iroorzv1

Vlqfh dq| olqhdu frpelqdwlrq ri vwdwlrqdu| vhulhv lv lwvhoi vwdwlrqdu|/ wkhq dgglqj
+51:, dqg +51;, lpsolhv wkdw

+r3�c� � +r3�c� � &U%r� � &-%r3�c� n &U%r32c� n &-%r3�c� +51<,

lv vwdwlrqdu|/ zkloh vxewudfwlqj wkhp lpsolhv wkdw

+r� � +r32c� � &-%r� n &U%r3�c� n &-%r32c� � &U%r3�c� +5143,

lv dovr vwdwlrqdu|1 Wkhvh odvw wzr frlqwhjudwlqj uhodwlrqvklsv duh pxwxdoo| olqhduo|
lqghshqghqw dqg khqfh fdq eh xvhg dv wkh wzr frlqwhjudwlqj uhodwlrqvklsv fruuhvsrqglqj
wr wkh sdlu ri xqlw urrwv 	�1 Qrwlfh/ lq sduwlfxodu/ wkdw wkh frlqwhjudwlqj uhodwlrqvklsv
ri +51<, dqg +5143, duh gh�qhg zlwkrxw uhfrxuvh wr frpsoh{ frh!flhqwv1 Wkxv/ ixoo
vhdvrqdo frlqwhjudwlrq lpsolhv wkh suhvhqfh ri wkh irxu frlqwhjudwlqj uhodwlrqv lq +518,/
+519,/ +51<, dqg +5143,/ zklfk zloo odwhu eh xvhg h{whqvlyho|1

Dqrwkhu frqfhsw zh qhhg lv wkdw ri shulrglf frlqwhjudwlrq1 D frqyhqlhqw gh�qlwlrq
lv wkdw ri Ervzlmn dqg Iudqvhv +4<<8,/ zklfk lq d elyduldwh frqwh{w fdq eh h{suhvvhg
dv iroorzv=

Gh�qlwlrq 71 Wkh �uvw rughu qrqvwdwlrqdu| txduwhuo| surfhvvhv +c % duh vdlg
wr eh ixoo| shulrglfdoo| frlqwhjudwhg li hdfk sdlu ri dqqxdo surfhvvhv +r� c %r�
lv frlqwhjudwhg zlwk frlqwhjudwlqj yhfwru E�c�&�r � exw qrw doo &

�
r ' & iru

r ' �c 2c �c e1 Wkh yduldeohv +c % duh sduwldoo| shulrglfdoo| frlqwhjudwhg li
vrph exw qrw doo wkh sdluv +r� c %r� frlqwhjudwh iru r ' �c 2c �c e�

Qrwlfh wkdw rxu gh�qlwlrq lpsolhv wkdw/ iru ixoo shulrglf frlqwhjudwlrq/ wkh vdph
frlqwhjudwlqj yhfwru fdqqrw dsso| iru doo ri wkh txduwhuv r ' �c 2c �c e1 Wklv lv uhtxluh0
phqw lv qrw sodfhg e| Ervzlmn dqg Iudqvhv/ exw zh pdnh lw lq rughu wr glvwlqjxlvk
ixoo shulrglf frlqwhjudwlrq iurp qrqshulrglf frlqwhjudwlrq/ zlwk wkh odwwhu gh�qhg dv
iroorzv1

Gh�qlwlrq 81 Wkh �uvw rughu qrqvwdwlrqdu| txduwhuo| surfhvvhv +c % duh vdlg
wr eh qrqshulrglfdoo| frlqwhjudwhg li hdfk sdlu ri dqqxdo surfhvvhv +r� c %r�
lv frlqwhjudwhg zlwk lghqwlfdo frlqwhjudwlqj yhfwru E�c�&� iru r ' �c 2c �ce1

Lw vkrxog dovr eh uhpdunhg wkdw wkhvh odvw wzr gh�qlwlrqv lpso| wkdw li vrph +exw qrw
doo, sdluv +r� c %r� duh frlqwhjudwhg zlwk frpprq frlqwhjudwlqj yhfwru E�c�&�/ wkhq wkh
yduldeohv duh sduwldoo| shulrglfdoo| frlqwhjudwhg1 Qrqshulrglf frlqwhjudwlrq lv uhvhuyhg
iru wkh fdvh zkhuh wkh frpprq frlqwhjudwlqj yhfwru dssolhv wr doo sdluv ryhu r '
�c 2c �c e1

;



Lw lv zruwk uh hfwlqj wkdw shulrglf dqg qrqshulrglf frlqwhjudwlrq dv gh�qhg khuh
uhtxluh wkh frlqwhjudwlqj uhodwlrqvkls ehwzhhq wkh dqqxdo vhulhv +r� dqg %�� wr dsso|
frqwhpsrudqhrxvo| zlwk r ' �1 Wklv fdq eh ylhzhg dv dq xqqhfhvvdu| uhvwulfwlrq/
zklfk lv uhod{hg lq wkh iroorzlqj gh�qlwlrq1

Gh�qlwlrq 91 Wkh �uvw rughu qrqvwdwlrqdu| txduwhuo| surfhvvhv +c % duh vdlg
wr eh ixoo| dv|fkurqrxvo| shulrglfdoo| frlqwhjudwhg dw odj l li hdfk sdlu ri dq0
qxdo surfhvvhv +r� c %r3�c� +� 9' f, lv frlqwhjudwhg zlwk frlqwhjudwlqj yhfwru
E�c�&�r � zlwk qrw doo &�r ' & iru r ' �c 2c �ce1 Wkh yduldeohv +c% duh dv|q0

fkurqrxvo| qrqshulrglfdoo| frlqwhjudwhg dw odj l li wkh lghqwlfdo frlqwhjudwlqj
uhodwlrqvkls E�c�&� dssolhv iru doo sdluv +r� c %r3�c� +� 9' f, iru r ' �c 2c �c e�

Fohduo| wkh �uvw sduw ri wklv gh�qlwlrq fdq eh h{whqghg wr fryhu sduwldo dv|fkurqrxv
shulrglf frlqwhjudwlrq dw odj �1

61 FRLQWHJUDWLRQ SRVVLELOLWLHV

Dqdorjrxv wr wkh yhfwru uhsuhvhqwdwlrq ri d vlqjoh vhulhv dv frqvlghuhg lq Vhfwlrq 514/
dqg iroorzlqj Iudqvhv +4<<8,/ zh fdq gh�qh wkh yhfwru uhsuhvhqwdwlrq iru wkh vwdfnhg
elyduldwh yhfwru ~� ' E+�� c +2� c +�� c +e� c %�� c %2� c %�� c %e��

� dv

{e~� ' �~�3� n
�[
�'�

x�{e~�3� n L� � +614,

Vlqfh zh duh qrw h{solflwo| lqwhuhvwhg lq wkh yhfwru dxwruhjuhvvlyh pdwulfhv/ qr frqixvlrq
vkrxog eh fdxvhg e| xvlqj wkh vdph jhqhudo qrwdwlrq x� lq erwk +514, dqg +614,1 Wkh
udqn ri � lq +614, lv fohduo| ri lqwhuhvw wr xv lq wkh frqwh{w ri frlqwhjudwlrq1 Zkhq
hdfk ri wkh txduwhuo| surfhvvhv +c % lv �uvw rughu qrqvwdwlrqdu| zkloh � kdv qrq}hur
udqn o/ zh fdq zulwh � ' Kg � zkhuh wkh froxpqv ri wkh ;�o pdwul{ g frqwdlqv wkh
frlqwhjudwlqj uhodwlrqvklsv dqg khqfh wkh o � � yhfwru g �~� lv vwdwlrqdu|1

Iudqvhv +4<<8, qrwhv wkdw wkh vxp ri wkh qxpehu ri xqlw urrwv lq wkh vhsdudwh
v|vwhpv iru t� dqg f� lv wkh pd{lpxp qxpehu ri xqlw urrwv lq wkh v|vwhp +614,1
Frqyhuvho|/ lq whupv ri frlqwhjudwlrq/ wkh qxpehu ri olqhduo| lqghshqghqw frlqwhjudwlqj
uhodwlrqvklsv lq wkh elyduldwh v|vwhp +614, pxvw eh dw ohdvw dv juhdw dv wkh vxp ri
wkh qxpehuv lq wkh vhsdudwh v|vwhpv iru t� dqg f� / vlqfh wkhvh odwwhu frlqwhjudwlqj
uhodwlrqvklsv dovr dsso| lq wkh elyduldwh v|vwhp1 Wklv lpphgldwho| jlyhv ulvh wr rxu
�uvw Sursrvlwlrq1

Sursrvlwlrq 41 Dw prvw rqh olqhduo| lqghshqghqw frlqwhjudwlqj uhodwlrqvkls
fdq h{lvw ehwzhhq wzr surfhvvhvv zklfk duh hlwkhu UE�� ru �UE��1

<



Wkh glvfxvvlrq ri vxevhfwlrq 514 deryh vkrzhg wkdw zkhq % lv UE�� ru �UE�� wkhq
�% frqwdlqv wkuhh frlqwhjudwlqj uhodwlrqvklsv1 Frqvhtxhqwo|/ lq wkh frpprq wuhqgv
uhsuhvhqwdwlrq ri Vwrfn dqg Zdwvrq +4<;;,/ wkh hohphqwv ri f� vkduh suhflvho| rqh
frpprq wuhqg1 Zlwk wzr yduldeohv +c % zklfk duh hdfk UE�� ru �UE��/ wkh uhvshfwlyh
vlqjoh frpprq wuhqg iru hdfk fdvh fdq eh uhsuhvhqwhg dv �+� dqg �%� uhvshfwlyho|1 Iurp
wkh dqdo|vlv ri Vwrfn dqg Zdwvrq/ lw iroorzv wkdw frlqwhjudwlrq lv htxlydohqw wr d vlqjoh
frpprq wuhqg ehwzhhq �+� dqg �%� / dqg khqfh dw prvw rqh frlqwhjudwlqj uhodwlrqvkls1

Wkhuh duh/ krzhyhu/ d qxpehu ri gl�huhqw zd|v ri uhsuhvhqwlqj vxfk frlqwhjudwlrq1
Wkhvh duh gudzq rxw lq wkh iroorzlqj irxu fruroodulhv wr wklv sursrvlwlrq/ zklfk frqvlghu
UE�� dqg �UE�� surfhvvhv1 Qrwh wkdw vhdvrqdo frlqwhjudwlrq lv lqdssursuldwh iru vxfk
surfhvvhv ehfdxvh lw lv edvhg rq �qglqj frlqwhjudwlrq fruuhvsrqglqj wr hdfk ri wkh
xqlw urrwv n�c��c	� suhvhqw lq wkh dqqxdo gl�huhqfh rshudwru {e1 Vlqfh UE�� dqg
�UE�� surfhvvhv gr qrw frqwdlq xqlw urrwv dw wkh vhdvrqdo iuhtxhqflhv/ frlqwhjudwlrq
dw vxfk iuhtxhqflhv lv qrw dssursuldwh1 Wkh Dsshqgl{ ghwdlov wkh surriv iru wkhvh dqg
fruroodulhv wr odwhu Sursrvlwlrqv1

Fruroodu| 4141 Iru wkh txduwhuo| surfhvvhv +c % � UE��/

+l, Wkh yduldeohv duh hlwkhu qrqshulrglfdoo| frlqwhjudwhg ru qrw frlqwhjudwhg1
Lq sduwlfxodu/ vxfk yduldeohv fdqqrw eh vhdvrqdoo| frlqwhjudwhg ru +ixoo| ru
sduwldoo|, shulrglfdoo| frlqwhjudwhg1

+ll, Zkhq wkh surfhvvhv duh qrqshulrglfdoo| frlqwhjudwhg/ wkh| duh dovr dv|q0
fkurqrxvo| qrqshulrglfdoo| frlqwhjudwhg dw doo odjv � ' �c 2c �1

+lll, Zkhq wkh yduldeohv duh qrqshulrglfdoo| frlqwhjudwhg/ wkh pdwul{ � kdv
udqn vhyhq/ zlwk rqh uhsuhvhqwdwlrq ri wkh olqhduo| lqghshqghqw frlqwhjudw0
lqj uhodwlrqvklsv ehlqj jlyhq e| wkh urzv ri
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� +615,

Qrwlfh wkdw khuh/ dqg lq odwhu uhsuhvhqwdwlrqv zh h{sorlw wkh xqlyduldwh surshuwlhv
ri % dqg wkh frlqwhjudwlqj uhodwlrqvkls ehwzhhq hdfk +r� c %r� +r ' �c 2c �ce�/ zlwk
wkh surshuwlhv ri + wkhq ehlqj lpsolhg1 D wuldqjxodu uhsuhvhqwdwlrq ri wklv w|sh lv
sduwlfxoduo| xvhixo zkhq % lv h{rjhqrxv1

Fruroodu| 4151 Iru txduwhuo| wlph vhulhv surfhvvhv +c % � �UE��/
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+l, Wkh yduldeohv pd| eh qrqshulrglfdoo| frlqwhjudwhg/ ixoo| shulrglfdoo|
frlqwhjudwhg ru qrw frlqwhjudwhg1 Vxfk yduldeohv fdqqrw eh vhdvrqdoo| frlq0
whjudwhg ru sduwldoo| shulrglfdoo| frlqwhjudwhg1

+ll, Li wkh yduldeohv duh qrqshulrglfdoo| frlqwhjudwhg wkh| duh dovr dv|q0
fkurqrxvo| qrqshulrglfdoo| frlqwhjudwhg dw odjv � ' �c 2c �/ zkloh li wkh| duh
shulrglfdoo| frlqwhjudwhg wkh| duh dovr dv|qfkurqrxvo| shulrglfdoo| frlqwh0
judwhg dw odjv � ' �c 2c �>

+lll, Zkhq wkh| duh frlqwhjudwhg/ wkh pdwul{ � kdv udqn vhyhq/ zlwk olqhduo|
lqghshqghqw frlqwhjudwlqj uhodwlrqvklsv zklfk fdq eh gh�qhg dv wkh urzv
ri
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� +616,

+ly, Zkhq +c % duh frlqwhjudwhg/ wkhq lghqwlfdo shulrglf lqwhjudwlrq frh!0
flhqwv/ kr +r ' �c 2c �c e� zkhuh k�k2k�ke ' �/ dsso| iru erwk % dqg + li
dqg rqo| li +c % duh qrqshulrglfdoo| frlqwhjudwhg1

Wkh �uvw wzr fruroodulhv vshfli| erwk yduldeohv wr eh hlwkhu UE�� ru �UE��1 Krzhyhu/
lq wkh wklug fruroodu| zh doorz rqh yduldeoh wr eh �UE�� dqg wkh rwkhu wr eh UE��1
Dowkrxjk zh duelwudulo| dvvxph wkdw lw lv % zklfk lv UE��> fruuhvsrqglqj dujxphqwv
dsso| li + � UE�� dqg % � �UE��1

Fruroodu| 4161 Iru wkh txduwhuo| surfhvvhv % � UE�� dqg + � �UE��/

+l, Wkh yduldeohv pd| eh ixoo| shulrglfdoo| frlqwhjudwhg ru qrw frlqwhjudwhg1
Vxfk yduldeohv fdqqrw eh vhdvrqdoo| frlqwhjudwhg/ qrqshulrglfdoo| frlqwh0
judwhg/ ru sduwldoo| shulrglfdoo| frlqwhjudwhg1

+ll, Zkhq wkh surfhvvhv duh ixoo| shulrglfdoo| frlqwhjudwhg/ wkh| duh dovr
dv|qfkurqrxvo| ixoo| shulrglfdoo| frlqwhjudwhg dw odjv � ' �c 2c �1

+lll, Zkhq wkh| duh frlqwhjudwhg/ wkh pdwul{ � kdv udqn vhyhq/ zlwk olqhduo|
lqghshqghqw frlqwhjudwlqj uhodwlrqvklsv zklfk fdq eh zulwwhq dv wkh urzv
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� +617,

+ly, Wkh shulrglf lqwhjudwlrq frh!flhqwv iru + dqg wkh shulrglf frlqwhjudwlrq
yhfwruv duh uhodwhg wkurxjk &�� ' q�&

�
e c &

�
2 ' q�q2&

�
e c &

�
� ' q�q2q�&

�
e 1

Zh qrz wxuq wr wkh qdwxuh ri frqwhjudwlrq iru 7UE�� yduldeohv1

Sursrvlwlrq 51 Dw prvw irxu olqhduo| lqghshqghqw frlqwhjudwlqj uhodwlrq0
vklsv fdq h{lvw ehwzhhq wzr 7UE�� yduldeohv1

Wkh 7UE�� surshuw| lpsolhv wkdw hdfk yhfwru t� cf� frqwdlqv irxu glvwlqfw vwrfkdvwlf
wuhqgv1 Frlqwhjudwlrq ehwzhhq + dqg % lpsolhv wkh h{lvwhqfh ri rqh ru pruh olqhduo|
lqghshqghqw vwdwlrqdu| olqhdu frpelqdwlrqv dfurvv wkh hohphqwv ri t� cf� 1 Vlqfh qr
vwdwlrqdu| olqhdu frpelqdwlrq zlwklq wkh vhwv ++�� c +2� c +�� c +e� � ru +%�� c %2� c %�� c %e� �
h{lvwv/ hdfk vwdwlrqdu| olqhdu frpelqdwlrq pxvw lqyroyh dw ohdvw rqh +r� dqg dw ohdvw rqh
%�� +rc � ' �c 2c �ce,1 Frqvhtxhqwo|/ d pd{lpxp ri irxu olqhduo| lqghshqghqw vwdwlrqdu|
frpelqdwlrqv fdq h{lvw1 Wr irupdoo| hvwdeolvk wklv odvw vwdwhphqw/ frqvlghu wkh pdwul{
� lq +614,1 Lw lv d vwdqgdug uhvxow ri olqhdu dojheud wkdw hohphqwdu| urz rshudwlrqv
fdq eh xvhg wr uhgxfh wklv pdwul{ wr Hfkhorq irup/ zlwk wkh udqn ri wkh pdwul{ wkhq
ehlqj wkh qxpehu ri qrq}hur urzv lq wklv irup +vhh/ iru h{dpsoh/ Kdgoh|/ 4<94,1 Wkh
Hfkhorq pdwul{ lv xsshu wuldqjxodu dqg/ ehfdxvh qr vwdwlrqdu| olqhdu frpelqdwlrqv ri
wkh %r� h{lvw/ wkh �qdo 7 urzv pxvw frqwdlq rqo| }hurv1 Wkxv/ � fdq eh ri udqn dw prvw
irxu/ |lhoglqj wkh uhvxow vwdwhg1

Wkh �uvw fruroodu| h{soruhv vrph srvvlelolwlhv iru wkh frlqwhjudwlqj uhodwlrqvklsv
zkhq wkh pd{lpxp ri irxu h{lvw1 Iru 7UE�� surfhvvhv/ wkh vhdvrqdo dqg shulrglf
dssurdfkhv wr frlqwhjudwlrq gr qrw gl�hu lq whupv ri wkh qxpehu ri frlqwhjudwlqj uh0
odwlrqvklsv ehlqj vrxjkw/ exw udwkhu lq wkh qdwxuh ri wkh frpprq vwrfkdvwlf wuhqgv
dvvxphg wr xqghuo| vxfk frlqwhjudwlrq1 Dv zh qrwhg lq wkh glvfxvvlrq ri vxevhfwlrq
514/ vhdvrqdo lqwhjudwlrq lv gh�qhg lq uhodwlrq wr wkh irxu xqlw urrwv n�c��c	� lpsolhg
e| wkh dqqxdo gl�huhqfh rshudwru {e/ zlwk rqh xqghuo|lqj vwrfkdvwlf wuhqg lpsolflwo|
uhodwhg wr hdfk ri wkhvh xqlw urrwv1 Wkh shulrglf dssurdfk/ rq wkh rwkhu kdqg/ wuhdwv
wkh xqghuo|lqj vwrfkdvwlf wuhqgv dv ehlqj wkh revhuyhg dqqxdo vhulhv/ %r� +r ' �c 2c �c e,
wkhpvhoyhv1 Hdfk dssurdfk wkhq h{dplqhv frlqwhjudwlrq lq whupv ri zkhwkhu vwdwlrq0
du| uhodwlrqvklsv h{lvw dfurvv wkh yduldeohv zklfk fdswxuh wkh dvvxphg qdwxuh ri wkh
vwrfkdvwlf wuhqgv1
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Fruroodu| 5141 Iru wkh txduwhuo| surfhvvhv %c + � 7UE�� dvvxph wkdw wkh
pdwul{ � kdv udqn irxu1 Wkhq wkh srvvlelolwlhv iru frlqwhjudwlrq lqfoxgh=

+l, Ixoo vhdvrqdo frlqwhjudwlrq/ zlwk pdwul{ ri frlqwhjudwlqj yhfwruv zklfk
fdq eh zulwwhq dv
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+ll, Ixoo shulrglf frlqwhjudwlrq/ zkhuh wkh pdwul{ ri frlqwhjudwlqj yhfwruv
fdq eh uhsuhvhqwhg dv
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+lll, Qrqshulrglf frlqwhjudwlrq/ zkhuh wkh frlqwhjudwlqj pdwul{ lv ri wkh
irup +619, zlwk &�� ' &�2 ' &�� ' &�e ' &>

+ly, Ixoo dv|qfkurqrxv shulrglf frlqwhjudwlrq dw odjv � ' �c 2 ru �/ zlwk
frlqwhjudwlqj pdwul{ iru wkh fdvh � ' � ehlqj
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+y, Dv|qfkurqrxv qrqshulrglf frlqwhjudwlrq dw odjv � ' �c 2 ru �/ zklfk iru
odj � ' � kdv frlqwhjudwlqj pdwul{ +61:, zlwk &�� ' &�2 ' &�� ' &�e ' &1

Lw vkrxog dovr eh phqwlrqhg wkdw rwkhu srvvlelolwlhv h{lvw iru frlqwhjudwlrq lq wkh fdvh
wdfnohg e| Fruroodu| 5141 Iru h{dpsoh/ Iudqvhv +4<<9/ ss14;3, frqvlghuv irxu glvwlqfw
frlqwhjudwlqj yhfwruv ryhu r ' �c 2c �c e uhodwlqj wr wkh KHJ\ yduldeohv %E��r� c +

E��
r� ru

%E2�r� c +
E2�
r� �Dowkrxjk wkhvh frxog eh dgghg wr wkh olvw ri srvvlelolwlhv/ fdvhv ri wklv w|sh pl{

wkh shulrglf dqg vhdvrqdo frlqwhjudwlrq dssurdfkhv/ zklfk zh suhihu wr nhhs vhsdudwh
iru h{srvlwlrqdo fodulw|1

Lw lv/ krzhyhu/ lpsruwdqw wr hvwdeolvk wkh fdvhv zkhq wkh vhdvrqdo dqg shulrglf
dssurdfkhv ohdg wr glvwlqfw frlqwhjudwlrq srvvlelolwlhv dqg zkhq wkh| duh htxlydohqw1
Wkhvh duh vhw rxw lq wkh qh{w fruroodu|1
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Fruroodu| 5151 Iru wkh txduwhuo| surfhvvhv %c + � 7UE�� dvvxph wkdw wkh
pdwul{ � kdv udqn irxu1 Wkhq=

+l, Wkh vhwv ri frlqwhjudwlqj yhfwruv lpsolhg e| ixoo vhdvrqdo frlqwhjudwlrq/
ixoo shulrglf frlqwhjudwlrq dqg ixoo dv|qfkurqrxv shulrglf frlqwhjudwlrq dw
odjv � ' �c 2c � duh glvwlqfw lq wkh vhqvh wkdw wkhvh vhwv duh olqhduo| lqghshq0
ghqw ri hdfk rwkhu1 Wkhuhiruh/ wkh h{lvwhqfh ri frlqwhjudwlrq ri rqh ri wkhvh
w|shv uxohv rxw wkh rwkhuv1

+ll, Qrqshulrglf frlqwhjudwlrq lv htxlydohqw wr d vshfldo fdvh ri ixoo vhdvrqdo
frlqwhjudwlrq zlwk &� ' &2 ' &- ' & dqg &U ' f1

+lll, Hdfk fdvh ri dv|qfkurqrxv qrqshulrglf frlqwhjudwlrq dw odjv � ' �c 2c �
lv htxlydohqw wr d vshfldo fdvh ri ixoo vhdvrqdo frlqwhjudwlrq� Lq sduwlfxodu/

� ' � lpsolhv &� ' �&2 ' �&U ' &/ &- ' fc

� ' 2 lpsolhv &� ' &2 ' �&- ' &c &U ' f(

� ' � lpsolhv &� ' �&2 ' &U ' &/ &- ' f�

Wkh �uvw sduw ri wklv fruroodu| lv lpsruwdqw lq wkdw lw hvwdeolvkhv wkdw ixoo vhdvrqdo
frlqwhjudwlrq/ ixoo shulrglf frlqwhjudwlrq dqg ixoo dv|qfkurqrxv shulrglf frlqwhjudwlrq
duh/ lqghhg/ glvwlqfw srvvlelolwlhv zkhq erwk yduldeohv duh 7UE��1 Wklv lv hvwdeolvkhg
lq wkh Dsshqgl{ e| vkrzlqj wkdw/ zlwk glvwlqfw frlqwhjudwlqj frh!flhqwv &rc &

�
r dfurvv

r/ qrqh ri wkh pdwulfhv +618,/ +619, dqg +61:, fdq eh rewdlqhg iurp dqrwkhu e| xvlqj
hohphqwdu| urz rshudwlrqv1 Lwv lpsruwdqfh lv wkdw lw pdnhv fohdu wkdw d eolqg dgkhuhqfh
wr iroorzlqj d vhdvrqdo ru shulrglf dssurdfk wr frlqwhjudwlrq frxog eh d vhyhuh plvwdnh
ehfdxvh wkh idloxuh wr �qg rqh w|sh ri frlqwhjudwlrq grhv qrw lpso| wkdw wkh rwkhu w|sh
lv qrw suhvhqw1

Wkh �qdo wzr sduwv wkhq frqvlghu fdvhv zkhuh wkh vhdvrqdo dqg shulrglf dssurdfkhv
lq idfw ohdg wr htxlydohqw vhwv ri +qrqshulrglf, frlqwhjudwlqj yhfwruv1 Lw dovr surylghv
d whpsrudo lqwhusuhwdwlrq iru vrph vshfldo fdvhv ri vhdvrqdo frlqwhjudwlrq dqg dyrlgv
vrph ri wkh lqwhusuhwdwlrq gl!fxowlhv qrwhg e| Mrkdqvhq dqg Vfkdxpexuj +4<<<, iru
vhdvrqdo frlqwhjudwlrq +dqg hvshfldoo| iru frlqwhjudwlrq dw wkh dqqxdo iuhtxhqf|,1

Zkhq %c + � 7UE�� dqg wkh pdwul{ � kdv udqn ohvv wkdq irxu/ wkhuh duh pdq|
srvvlelolwlhv iru wkh w|sh ri frlqwhjudwlrq/ lqfoxglqj sduwldo vhdvrqdo frlqwhjudwlrq dqg
sduwldo shulrglf frlqwhjudwlrq1

Vr idu doo fdvhv h{dplqhg kdyh frqvlghuhg fdvhv zkhuh + dqg % frqwdlq wkh vdph
qxpehu ri xqlw urrwv1 Fohduo|/ krzhyhu/ wkhuh lv lqwhuhvw lq fdvhv zkhuh wklv lv qrw
vr1 Lq sduwlfxodu/ rqh vhulhv pd| eh 7UE�� dqg wkh rwkhu UE�� ru �UE��1 Dowkrxjk zh
duelwudulo| dvvxph wkdw % lv hlwkhu UE�� ru �UE�� zkloh + � 7UE��/ wkh urohv ri % dqg +

fdq eh uhyhuvhg zlwkrxw fkdqjlqj wkh hvvhqwldo dujxphqw1

Sursrvlwlrq 61 Iru wkh txduwhuo| wlph vhulhv surfhvvhv %c + zlwk % � UE�� ru
% � �UE�� dqg + � 7UE��/ wkhq � kdv udqn dw prvw 7 dqg khqfh wkhuh fdq
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eh dw prvw rqh olqhduo| lqghshqghqw frlqwhjudwlqj uhodwlrqvkls ehwzhhq wkh
vhsdudwh yduldeohv +c %1

Wklv Sursrvlwlrq iroorzv ehfdxvh % kdv d vlqjoh frpprq vwrfkdvwlf wuhqg �%� / zkloh +
kdv irxu vwrfkdvwlf wuhqgv Frlqwhjudwlrq fdq dsso| ehwzhhq �%� dqg dq| rqh ri wkh
irxu vwrfkdvwlf wuhqgv ri +1 Lw lv lpsrvvleoh iru wkhuh wr eh pruh wkdq rqh frlqwhjudwlqj
uhodwlrqvkls dfurvv % dqg + ehfdxvh wklv zrxog lpso| d vhfrqg frlqwhjudwlqj uhodwlrqvkls
ehwzhhq �%� dqg wkh hohphqwv ri t� 1 Li vxfk d vhfrqg frlqwhjudwlqj uhodwlrqvkls zhuh
suhvhqw/ wkhq +e| vxevwlwxwlrq, wkhuh pxvw eh d vwdwlrqdu| uhodwlrqvkls ehwzhhq wkh
hohphqwv ri t� / zklfk lv uxohg rxw e| + � 7UE��1

Wkh Sursrvlwlrq lpphgldwho| ohdgv wr wkh fruroodu| ehorz1

Fruroodu| 6141 Li txduwhuo| % � UE�� zlwk txduwhuo| + � 7UE��/ srvvlelolwlhv
iru frlqwhjudwlrq ehwzhhq % dqg + lqfoxgh=

+l, Sduwldo shulrglf frlqwhjudwlrq ehwzhhq %r� dqg +r� iru d vlqjoh r +r '
�c 2c� ru e,1 Wklv vlqjoh sduwldo shulrglf frlqwhjudwlqj uhodwlrqvkls lpsolhv
sduwldo dv|qfkurqrxv shulrglf frlqwhjudwlrq ehwzhhq wkh dqqxdo surfhvv +r�
dqg %r3�c� iru odjv � ' �c 2c � zlwk wkh vdph frlqwhjudwlqj yhfwru dsso|lqj
lq doo fdvhv1

+ll, Qrqshulrglf frlqwhjudwlrq ehwzhhq %r� dqg wkh KHJ\ yduldeoh +E��r� 1

Wkh srvvlelolw| lq +l, doorzv % wr eh frlqwhjudwhg zlwk +mxvw, rqh ri wkh vhsdudwh
dqqxdo surfhvvhv +r� 1 Krzhyhu/ ehfdxvh %�� � %�3�c� lv vwdwlrqdu|/ wkh vdph frlqwh0
judwlqj uhodwlrqvkls dssolhv dovr ehwzhhq wkh vshfl�f dqqxdo surfhvv +r� dqg doo %��
+� ' �c 2c �c e,1 Sduw +ll, doorzv wkh srvvlelolw| ri frlqwhjudwlrq zlwk wkh KHJ\ yduldeoh
+E��r� 1 Wkh uhohydqw yduldeoh iru frlqwhjudwlrq zlwk %r� lq wklv fdvh lv +

E��
r� vlqfh wklv odwwhu

yduldeoh lv UE�� e| frqvwuxfwlrq1 Wkh frlqwhjudwlrq khuh lv qrqshulrglf/ vlqfh erwk
yduldeohv %r� dqg +E��r� duh frqyhqwlrqdo UE�� yduldeohv dqg khqfh wkh vdph frlqwhjudwlqj
uhodwlrqvkls dssolhv iru doo r1 Lqghhg/ vlqfh %r� c +E��r� � UE��/ Fruroodu| 414 dssolhv1

Lw pljkw eh qrwhg wkdw wkhuh duh rwkhu srvvlelolwlhv iru wkh vlqjoh frlqwhjudwlqj
uhodwlrqvkls1 Qhyhuwkhohvv/ wkh wzr vshfl�hg lq wkh fruroodu| uh hfw wkh hvvhqfh ri wkh
shulrglf dqg vhdvrqdo frlqwhjudwlrq dssurdfkhv1 Lw lv vwudljkwiruzdug wr h{whqg wkhvh
wzr srvvlelolwlhv wr doorz % � �UE��1

Fruroodu| 6151 Li txduwhuo| % � �UE�� zlwk shulrglf lqwhjudwlrq frh!flhqwv
k� +� ' �c 2c�c e,/ zkloh txduwhuo| + � 7UE��/ srvvlelolwlhv iru frlqwhjudwlrq
ehwzhhq % dqg + lqfoxgh=

+l, Sduwldo shulrglf frlqwhjudwlrq ehwzhhq %r� dqg +r� iru d vlqjoh r +r '
�c 2c� ru e,1 Wklv sduwldo shulrglf frlqwhjudwlqj uhodwlrqvkls lpsolhv sduwldo
dv|qfkurqrxv shulrglf frlqwhjudwlrq ehwzhhq wkh vdph dqqxdo surfhvv +r�
dqg %r3�c� iru odjv � ' �c2c �1 Li wkh frlqwhjudwlqj yhfwru lv +�c�&� ,/ wkhq
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dw odjv �c 2c� wkh sduwldo dv|qfkurqrxv shulrglf frlqwhjudwlqj yhfwruv duh
+�c�kr&

� ,/ +�c�kr3�kr&
� ,/ +�c�kr32kr3�kr&

� , uhvshfwlyho|51

+ll, Ixoo shulrglf frlqwhjudwlrq ehwzhhq %r� dqg wkh KHJ\ yduldeoh +E��r� ryhu
r ' �c 2c �c e1 Li wkh frlqwhjudwlqj yhfwru iru r ' e lv +�c�&,/ wkhq wkh yhfwruv
iru r ' �c 2c � duh +�c�k2k�ke&,/ +�c�k�ke&,/ +�c�ke&, uhvshfwlyho|1

Iru sduw +ll, khuh/ Fruroodu| 416 dssolhv ehfdxvh rqh yduldeoh lv UE�� dqg wkh rwkhu lv
�UE��1 Krzhyhu/ khuh lw lv % zklfk lv �UE��1 Wkh wzr srvvlelolwlhv zklfk duh vshfl�hg lq
Fruroodulhv 614 dqg 615 fdq eh looxvwudwhg e| wkh iroorzlqj wzr pdwulfhv ri frlqwhjudwlqj
yhfwruv iru wkh � ri +614,
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Lq +61;, dqg +61<,/ wkh pruh jhqhudo fdvh % � �UE�� lv wdnhq/ zlwk wkh UE�� fdvh ehlqj
lpsolhg e| k� ' k2 ' k� ' ke ' �1 Wkh iruphu pdwul{ dvvxphv wkdw wkh frlqwhjudwlrq
ehwzhhq %r� dqg +r� dssolhv iru r ' e1 Wkh rwkhu frlqwhjudwlqj uhodwlrqvklsv vshfl�hg
lq wkhvh wzr fruroodulhv fdq eh rewdlqhg iurp wkrvh vkrzq lq wkh pdwulfhv e| wkh xvh
ri hohphqwdu| urz wudqvirupdwlrqv1

71 FKRRVLQJEHWZHHQ VHDVRQDODQGSHULRGLFFRLQ0

WHJUDWLRQ

Lw lv fohdu iurp wkh srvvlelolwlhv odlg rxw lq wkh suhylrxv vxehfwlrq wkdw wkh xqlyduldwh
surshuwlhv ri wkh txduwhuo| yduldeohv %c + sod| d fuxfldo uroh lq ghwhuplqlqj zkdw w|sh ri
frlqwhjudwlrq vkrxog eh frqvlghuhg1 Lqghhg/ zkhq hlwkhu yduldeoh lv nqrzq wr eh UE�� ru
�UE��/ wkhq lw iroorzv wkdw dw prvw rqh olqhduo| lqghshqghqw frlqwhjudwlqj uhodwlrqvkls
fdq h{lvw ehwzhhq % dqg +1 Lq vxfk d fdvh lw zrxog vhhp devxug wr frqvlghu xvlqj wkh
jhqhudo H� H pdwul{ � ri wkh elyduldwh uhsuhvhqwdwlrq +614, lq rughu wr lqyhvwljdwh wkh
qdwxuh ri wklv uhodwlrqvkls1 Wkh ulfkhvw vhw ri srvvlelolwlhv dsso| zkhq erwk yduldeohv duh
vhdvrqdoo| lqwhjudwhg/ vlqfh xs wr irxu olqhduo| lqghshqghqw frlqwhjudwlqj uhodwlrqvklsv

5Qrwh wkdw �l � �7.l zkhq m � 31
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fdq wkhq h{lvw1 Hyhq wkhq/ krzhyhu/ lw vhhpv dgylvdeoh wr gluhfwo| lqyhvwljdwh wkh
qrqshulrglf/ shulrglf ru vhdvrqdo frlqwhjudwlrq srvvlelolwlhv udwkhu wkdq wr dwwhpsw wr
hvwlpdwh dqg whvw wkh hohphqwv ri �1

Iudqvhv +4<<6, sursrvhv wkdw wkh fkrlfh ehwzhhq vhdvrqdo dqg shulrglf frlqwhjudwlrq
eh pdgh lq d elyduldwh frqwh{w e| whvwlqj iru frlqwhjudwlrq ehwzhhq +r� dqg %r� vhdvrq
e| vhdvrq1 Wkxv/ kh dgyrfdwhv wdnlqj wkh shulrglf shuvshfwlyh dqg rqo| frqvlghulqj vhd0
vrqdo frlqwhjudwlrq li hylghqfh djdlqvw shulrglf +ru qrqshulrglf, frlqwhjudwlrq lv irxqg1
Fohduo|/ wklv grhv qrw wuhdw wkh wzr dssurdfkhv v|pphwulfdoo|1 Lq Iudqvhv +4<<8, kh
uhihuv wr hvwlpdwlqj wkh pdwul{ � xvlqj lqirupdwlrq iurp wkh xqlyduldwh vshfl�fdwlrqv
dqg wkhq whvwlqj uhvwulfwlrqv lpsolhg e| wkh gl�huhqw frlqwhjudwlrq srvvlelolwlhv1 Do0
wkrxjk kh grhv qrw vshfli| ghwdlov ri krz wklv vkrxog eh dfklhyhg lq jhqhudo/ fohduo|
wklv lv d pruh vdwlvidfwru| dssurdfk1 Krzhyhu/ lw lv kljko| sdudphwhulvhg ehfdxvh kh
dsshduv wr uhfrpphqg wkh hvwlpdwlrq ri H�H frh!flhqw pdwulfhv1 Rxu sxusrvh khuh lv
wr looxvwudwh krz wkh srvvlelolwlhv iru wzr 7UE�� surfhvvhv pd| eh hpslulfdoo| h{dplqhg
lq d sduvlplqrxv iudphzrun1

Wkh nh| wr rxu phwkrg lv wr qrwh wkdw wkh frlqwhjudwlqj pdwulfhv lq +618, wr +61:,
duh qhvwhg lq wkh pdwulfhv
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Lqghhg/ wkhvh wzr odvw pdwulfhv duh wkhpvhoyhv olqnhg wkurxjk wkh rqh0wr0rqh uhodwlrq0
vkls g �

7 ' Ag �

� zkhuh A lv gh�qhg e| +517,1 Zh glvfxvv wkhvh wzr uhsuhvhqwdwlrqv lq
vhsdudwh vxevhfwlrqv ehorz1

7141 Whvwlqj lq wkh Shulrglf Iudphzrun

Wkh uhsuhvhqwdwlrq +715, lpsolhv wkdw wkh frlqwhjudwlqj uhodwlrqvklsv fdq eh uhsuhvhqwhg
dv

t� ' ��f� n�� n L�� +716d,

zkhuh zh wdnh �� wr eh dq xquhvwulfwhg +e � �, yhfwru ri lqwhufhswv dqg L�� lv d
+e � �, yhfwru ri vwdwlrqdu| }hur0phdq glvwxuedqfhv1 Wkh +�c �, hohphqw ri �� lv K���
ri +715,1 Wklv uhsuhvhqwdwlrq dvvxphv wkdw �� kdv ixoo udqn/ dqg khqfh wkdw hdfk +r�
+r ' �c 2c �ce, lv frlqwhjudwhg zlwk dw ohdvw rqh ri wkh yduldeohv %�� c %2� c %�� c %e� 1 Wklv
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lv ehfdxvh �uvw0rughu qrqvwdwlrqdulw| iru hdfk +r� lv rwkhuzlvh lqfrpsdwleoh zlwk L��

ehlqj vwdwlrqdu|1
D qxpehu ri dxwkruv/ lqfoxglqj Skloolsv +4<<4, dqg Vwrfn dqg Zdwvrq +4<<6,/ kdyh

h{dplqhg k|srwkhvlv whvwlqj lq wkh iudphzrun ri d wuldqjxodu uhsuhvhqwdwlrq1 Li +716d,
lv dxjphqwhg e| d eorfn ri htxdwlrqv

{ef� ' �2 n L2� +717,

wkhq wkh frpsohwh v|vwhp iru wkh yhfwru Et �

� cf
�

��
� gh�qhv vxfk d wuldqjxodu v|vwhp1 Lq

rxu frqwh{w/�2 lv dq xquhvwulfwhg +e��, yhfwru ri lqwhufhswv dqg L2� lv d +e��, yhfwru
ri vwdwlrqdu| }hur0phdq glvwxuedqfhv1 Lqfoxvlrq ri �2 doorzv qrq}hur guliw whupv wr
eh suhvhqw lq wkh UE�� surfhvvhv iru %r� Er ' �c 2c �ce�61 Qrwh wkdw frqwhpsrudqhrxv
fruuhodwlrq ehwzhhq L�� dqg L2� lv shuplwwhg/ dqg khqfh f� pd| eh hqgrjhqrxv/ zkloh
wkh yhfwru L� ' EL �

�� c L
�

2��
� pd| dovr h{klelw vwdwlrqdu| dxwrfruuhodwlrq1

Wkh nh| uhvxow ri wkhvh vwxglhv lv wkdw/ surylghg wkh srvvleoh hqgrjhqhlw| ri f� dqg
dxwrfruuhodwlrq duh kdqgohg lq dq dssursuldwh zd|/ wkhq lqihuhqfh fdq eh frqgxfwhg
rq wkh hohphqwv ri �� xvlqj wkh vwdqgdug �2 glvwulexwlrq1 Fohduo|/ vlqfh zh qhhg wr
h{dplqh furvv0htxdwlrq uhvwulfwlrqv lq rughu wr whvw vhdvrqdo frlqwhjudwlrq/ wkhq wkh
vlpxowdqhrxv hvwlpdwlrq ri doo urzv ri �� lv ylwdo1 Vwrfn dqg Zdwvrq +4<<6, h{dplqh
d jhqhudolvhg ohdvw vtxduhv +JOV, phwkrg zklfk fdq eh xvhg iru wklv sxusrvh1

Wkh vshfl�f uhvwulfwlrqv wr eh whvwhg iru ixoo shulrglf dqg ixoo vhdvrqdo frlqwhjudwlrq
duh dv iroorzv1 Iurp d vwudljkwiruzdug frpsdulvrq ri +715, zlwk +61:,/ lw lv reylrxv
wkdw shulrglf frlqwhjudwlrq lpsolhv wkdw �� lv gldjrqdo1 Fohduo|/ wkhuhiruh/ whvwlqj
iru shulrglf frlqwhjudwlrq lpsolhv whvwlqj }hur uhvwulfwlrqv rq wkh wzhoyh r�0gldjrqdo
hohphqwv ri wklv pdwul{1 D whvw ri qrqshulrglf frlqwhjudwlrq ixuwkhu uhtxluhv whvwlqj ri
wkh wkuhh uhvwulfwlrqv K��� ' K�22 ' K��� ' K�ee1

Iurp +618,/ ixoo vhdvrqdo frlqwhjudwlrq lpsolhv wkdw

A�� '
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zklfk lq wxuq lpsolhv wzhoyh olqhdu uhvwulfwlrqv rq wkh hohphqwv ri �1 Xvlqj wkh irup
ri A jlyhq lq +517,/ lw iroorzv wkdw wkhvh fdq eh zulwwhq dv wkh iroorzlqj wzhoyh olqhduo|
lqghshqghqw uhvwulfwlrqv=

&� ' K��� n K�2� n K��� n K��� ' K��2 n K�22 n K��2 n K�e2

' K��� n K�2� n K��� n K�e� ' K��e n K�2e n K��e n K�ee

6Lq sudfwlfh/ lq wkh frqwh{w ri vhdvrqdo lqwhjudwlrq/ P5 pljkw eh uhvwulfwhg wr kdyh doo hohphqwv

htxdo lq rughu wr lpsrvh d frpprq jurzwk lq {v� dfurvv v @ 4>5> 6> 71 Krzhyhu/ vxfk d uhvwulfwlrq lv

qrw frqvlghuhg khuh1
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&2 ' K��� � K�2� n K��� � K��� ' �K
�
�2 n K�22 � K��2 n K�e2

' K��� � K�2� n K��� n K�e� ' �K
�
�e n K�2e � K��e n K�ee

&- ' K��� � K��� ' �K
�
�� n K��� ' K�22 � K�e2 ' �K

�
2e n K�ee

&U ' K��2 � K��2 ' �K
�
�e n K��e ' �K

�
2� n K�e� ' K�2� � K�e�

Wkh wkuhh ixuwkhu uhvwulfwlrqv &� ' &2 ' &- dqg &U ' f wkhq jlyh ulvh wr qrqshulrglf
frlqwhjudwlrq1

Wkhuhiruh/ wkh srvvlelolwlhv ri ixoo vhdvrqdo frlqwhjudwlrq/ ixoo shulrglf frlqwhjudwlrq
dqg qrqshulrglf frlqwhjudwlrq fdq eh whvwhg wkurxjk +716d,1 Vlqfh qrqshulrglf frlqwh0
judwlrq d vshfldo fdvh ri erwk ixoo vhdvrqdo frlqwhjudwlrq dqg ixoo shulrglf frlqwhjudwlrq
+e| Fruroodu| 515 deryh,/ wkhq wkh wzr vhwv ri �iwhhq uhvwulfwlrqv lpsolhg e| qrqsh0
ulrglf frlqwhjudwlrq vlpso| uhsuhvhqw wzr sdudphwhulvdwlrqv ri wkh vdph uhvwulfwlrqv1
Wkhuhiruh/ lq whupv ri whvwlqj wkhvh �iwhhq uhvwulfwlrqv/ lw lv luuhohydqw zkhwkhu wkh urxwh
wdnhq lv wkurxjk vhdvrqdo frlqwhjudwlrq ru wkurxjk shulrglf frlqwhjudwlrq1

81 FRQFOXGLQJ UHPDUNV

Wkh uhvxowv ri wkh Vhfwlrq 6 hqdeoh xv wr frpphqw rq ydulrxv hpslulfdo vwxglhv ri frlq0
whjudwlrq lq wkh frqwh{w ri vhdvrqdo wlph vhulhv surfhvvhv1 Lw lv lqwhuhvwlqj wr qrwh wkdw
prvw dssolfdwlrqv ri erwk shulrglf dqg vhdvrqdo frlqwhjudwlrq uhodwh wr frqvxpswlrq
dqg lqfrph gdwd> h{dpsohv lqfoxgh Elufkhqkdoo hw do1 +4<;<,/ K|oohehuj hw do1 +4<<3,/
Hqjoh hw do1 +4<<6,/ Iudqvhv dqg Norhn +4<<8,/ Iudqvhv dqg Sdds +4<<8,/ Iudqvhv
+4<<9/ ss1537053:, dqg Khuzduw} +4<<:,1 Lw lv qrwdeoh wkdw hyhq zkhq wkh sdshuv frq0
fhuqhg zlwk shulrglf frlqwhjudwlrq frqvlghu wkh xqlyduldwh surshuwlhv ri wlph vhulhv/ wkh
lpsolfdwlrqv ri wkhvh iru wkh qdwxuh ri frlqwhjudwlrq lv jhqhudoo| ljqruhg1

Wkh slwidoov ri idlolqj wr uhfrjqlvh wkh lpsolfdwlrqv ri wkh xqlw urrw surshuwlhv ri
wkh lqglylgxdo vhulhv iru frlqwhjudwlrq lq d vhdvrqdo frqwh{w pd| eh looxvwudwhg e| frq0
vlghulqj wkh h{dpsoh dqdo|vlv ri frqfxpswlrq dqg lqfrph lq Vzhghq jlyhq e| Iudqvhv
+4<<9/ ss1537053:,1 Dq lqlwldo xqlyduldwh dqdo|vlv lqglfdwhv wkdw wkh yhfwru/ f� vd|/
iru frqvxpswlrq kdv rqh xqlw urrw1 Wkxv/ % � UE�� ru �UE��1 Lqfrph lv mxgjhg wr eh
7UE��/ dqg khqfh + � 7UE��1 Wkhuhiruh/ wkh vlwxdwlrq lv wkdw dqdo|vhg lq Fruroodulhv
614 dqg 615/ zlwk rqo| rqh frlqwhjudwlqj uhodwlrq srvvleoh dfurvv %r� c +r� +r ' �c 2c�c e,1
Krzhyhu/ dq dqdo|vlv ri wkh dqqxdo vhulhv %r� c +r� iru r ' �c 2c �ce surylghv hylghqfh ri
sduwldo shulrglf frlqwhjudwlrq iru erwk r ' 2 dqg r ' e1 Dv rxu dqdo|vlv lq Vhfwlrq 6
vkrzv/ vxfk d frqfoxvlrq lv orjlfdoo| lpsrvvleoh1

Rxu dqdo|vlv dovr hqdeohv wr frqwulexwh wr dq rq0jrlqj glvfxvvlrq derxw wkh qdwxuh
ri frlqwhjudwlrq lpsolflw| dvvxphg lq wkh vhplqdo sdshu e| Gdylgvrq hw do1 +4<:;,1
Ehfdxvh wkh| dvvxph +r��&%r� lv vwdwlrqdu|7/ wkh frlqwhjudwlrq lv vshfl�hg e| Gdylgvrq

7Pruh suhflvho|/ wkh| dvvxph wkdw |v� �{v� lv vwdwlrqdu|1 Krzhyhu/ prvw vxevhtxhqw dqdo|vhv uhod{

wkh uhvwulfwlrq n @ 41
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hw do1 dv qrqshulrglf1 Edvhg rq wkhlu gl�huhqw dssurdfkhv/ K|oohehuj hw do1 +4<<3, dqg
Iudqvhv +4<<9/ s14;3, jhqhudolvh wkh Gdylgvrq hw do1 prgho wr frqvlghu vhdvrqdo dqg
shulrglf frlqwhjudwlrq uhvshfwlyho|1 Krzhyhu/ li wkh qrqshulrglf uhvwulfwlrq lv ydolg/
erwk dssurdfkhv vkrxog ohdg wr htxlydohqw vshfl�fdwlrqv1 Lw lv dovr zruwk qrwlqj wkdw
Kduyh| dqg Vfrww +4<<7, fulwlflvh wkh xvh e| Gdylgvrq hw do1 ri wkh uhodwlrqvkls +r� �

&%r� / dujxlqj wkdw/ lq wkh suhvhqfh ri xqlyduldwh vhdvrqdo xqlw urrwv/ wkh frlqwhjudwlrq
vkrxog eh +lq rxu qrwdwlrq iru wkh KHJ\ wudqviruphg yduldeohv, ri wkh irup +E��r� �&%

E��
r� 1

Lqghhg/ Kduyh| dqg Vfrww vwdwh wkdw +r��&%r� fdqqrw eh vwdwlrqdu| zkhq +c % � 7UE��=
rxu dqdo|vlv vkrzv wkdw wklv vwdwhphqw lv lqfruuhfw1

Wr gdwh/ qr vdwlvidfwru| sudfwlfdo phwkrg kdv ehhq sursrvhg iru fkrrvlqj ehwzhhq
vhdvrqdo dqg shulrglf frlqwhjudwlrq1 Rxu dqdo|vlv vkrzv wkdw wklv vhohfwlrq rqo| kdv
uhohydqfh zkhq +lq d elyduldwh frqwh{w, erwk surfhvvhv lqyroyhg duh vhdvrqdoo| lqwh0
judwhg1 Wkh whvwlqj ri wkh uhvwulfwlrqv lpsolhg e| shulrglf dqg vhdvqdo frlqwhjudwlrq lv
d wrslf iru ixuwkhu uhvhdufk1
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Surriv

Fruroodu| 414 Sduw +l, lv wulyldoo| hvwdeolvkhg e| qrwlqj wkdw +c % duh frqyhqwlrqdo
UE�� yduldeohv dqg khqfh vwdqgdug frlqwhjudwlrq uhvxowv lpso| wkdw wkhuh lv hlwkhu d
vlqjoh frlqwhjudwlqj uhodwlrqvkls ehwzhhq wkhp ru wkh| duh qrw frlqwhjudwhg1 Lq whupv
ri wkh yhfwruv t� cf� / wkh frpprq wuhqg lpsolhg iru hdfk fdq eh zulwwhq lq whupv ri
dq| hohphqw +r� c %r� dqg wkh vlqjoh frlqwhjudwlqj uhodwlrqvkls ri Sursrvlwlrq 4 lpsolhv
wkdw +r� �&%r� iru vrph jlyhq r lv vwdwlrqdu|1 Lw iroorzv wkdw +r3�c� ' &%r3�c� pxvw dovr
eh vwdwlrqdu| gxh wr wkh vwdwlrqdulw| ri +r� � +r3�c� dqg ri +r� � +r3�c� iru dq| �1 Wkxv/
wkh frlqwhjudwlqj yhfwru ehwzhhq dq| +r� c %�c� +rc � ' �c2c �c e, lv frqvwdqw dw E�c�&�
dqg khqfh ixoo ru sduwldo shulrglf frlqwhjudwlrq lv lpsrvvleoh1 Vhdvrqdo frlqwhjudwlrq lv
uxohg rxw e| Gh�qlwlrq 6 ehfdxvh wklv frlqwhjudwlrq fdq rffxu rqo| zkhq wkh yduldeohv
+c% duh erwk 7UE��1 Sduw +ll, lv hvwdeolvkhg e| qrwlqj wkdw vwdwlrqdulw| ri +r� � &%r�
dqg ri %r� � %r3�c� lpsolhv +r� � &%r3�c� lv vwdwlrqdu| iru dq| �1

Zlwk wkuhh olqhduo| lqghshqghqw frlqwhjudwlqj uhodwlrqvklsv ehwzhhq +r�
+r ' �c 2c �c e, dqg dqrwkhu wkuhh frlqwhjudwlqj uhodwlrqvklsv ehwzhhq %r� +r ' �c 2c�c e,/
wkh dgglwlrqdo olqhduo| lqghshqghqw frlqwhjudwlqj uhodwlrqvkls +r� � &%r� lpsolhv wkdw
� lv ri udqn vhyhq1 Wkh uhsuhvhqwdwlrq lq sduw +lll, ri wkh sursrvlwlrq lv rqo| rqh ri
pdq| zd|v ri vshfli|lqj wkh vhyhq olqhduo| lqghshqghqw frlqwhjudwlqj uhodwlrqvklsv iru
wkh hohphqwv ri ~� / exw lw lv vhohfwhg wr hpskdvlvh wkh frlqwhjudwlrq ehwzhhq hdfk sdlu
+r� dqg %r� +r ' �c2c �c e,1

Fruroodu| 4151 Sduwv +l, dqg +ll, ri wklv fruroodu| duh vwudljkwiruzdug h{whqvlrqv ri
wkh fruuhvsrqglqj sduwv ri Fruroodu| 4141 Iurp wkh �UE�� surshuwlhv ri + dqg %/ lw
iroorzv wkdw wkh �qdo vl{ hohphqwv ri wkh yhfwru gh�qhg e|
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+814,

duh vwdwlrqdu|1 Wkhvh �qdo vl{ urzv ri gW� gh�qh vl{ olqhduo| lqghshqghqw frlqwhjudlqj
yhfwruv/ zkhuh qr duh wkh shulrglf lqwhjudwlrq frh!flhqwv iru + zlwk q

�
q
2
q
�
q
e
' �/

zkloh kr duh wkh fruuhvsrqglqj frh!flhqwv iru %1 Dq| vwdwlrqdu| uhodwlrqvkls zklfk
h{lvwv ri wkh irup +r��&�r %r� wkhq gh�qhv d vhyhqwk olqhduo| lqghshqghqw frlqwhjudwlqj
yhfwru1 Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw wklv dssolhv zlwk r ' e dqg khuh frqvwl0
wxwhv wkh �uvw urz rigW�1 Ehfdxvh ri wkh vwdwlrqdulw| ri +���q�+�3�c� dqg ri %���k�%�3�c�
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+� ' �c 2c �c e, wkhvh vhyhq uhodwlrqvklsv lpso| wkdw +r� � &�r %r� +r ' �c2c �, lv dovr vwd0
wlrqdu|/ zkhuh &�

�
' q

�
&�
e
*k�c &�2 ' q

�
q
2
&�
e
*Ek�k2� dqg &�

�
' q

�
q
2
q
�
&�
e
*Ek�k2k��1

Zkhq &�r duh lghqwlfdo ryhu r ' �c 2c �c e wkh frlqwhjudwlrq lv qrqshulrglf/ rwkhuzlvh lw
lv shulrglf1 Rqfh djdlq/ vhdvrqdo frlqwhjudwlrq lv uxohg rxw e| gh�qlwlrq dqg sduwldo
shulrglf frlqwhjudwlrq fdqqrw dsso| gxh wr wkh frlqwhjudwlrq zklfk krogv zlwklq wkh
hohphqwv ri t� dqg zlwklq f� 1

Sduw +lll, vshfl�hv wkh frlqwhjudwlqj pdwul{ g �

�� lq dq dqdorjrxv zd| wr wkh fru0
uhvsrqglqj pdwul{ lq Fruroodu| 414 dqg iroorzv iurp wkh vwdwlrqdulw| ri +r� � &�r %r�
+r ' �c 2c �c e,1 Sduw +ly, iroorzv lpphgldwho| iurp &�
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' q
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e
*k�c &�2 ' q
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e
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q
2
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�
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e
*Ek�k2k��1

Fruroodu| 4161 Wklv iroorzv iurp wkh dujxphqwv xvhg lq hvwdeolvklqj Fruroodu| 415
zlwk wkh UE�� uhvwulfwlrqv k� ' k2 ' k� ' ke ' � dssolhg iru %1

Fruroodu| 5141 Iurp +518,/ +519,/ +51:, dqg +51;, dqg wdnlqj r ' e/ ixoo vhdvrqdo
frlqwhjudwlrq lpphgldwho| |lhogv wkh frlqwhjudwlqj uhodwlrqvklsv jlyhq e| wkh urzv ri
g �

7� lq +618,1 Krzhyhu/ zh dovr qhhg wr hvwdeolvk wkdw wkhvh frlqwhjudwlqj uhodwlrqvklsv
dovr dsso| iru r ' �c2c �1 Lw lv vwudljkwiruzdug wr vhh wkdw wkh frlqwhjudwlqj uhodwlrqvklsv
ri +518, dqg +519, ohdg wr wkh �uvw wzr urzv rig �

7� luuhvshfwlyh ri r/ zlwk +519, pxowlsolhg
e| 04 zkhq r lv rgg1 Vlploduo|/ +51:, dqg +51;, ohdg wr wkh wklug dqg irxuwk urzv
uhvshfwlyho| ri g �

7� iru r ' 2c djdlq diwhu pxowlso|lqj wkurxjk e| 041 Ilqdoo|/ iru r ' �
ru � wkh vhdvrqdo frlqwhjudwlrqj uhodwlrqvklsv +51:, dqg +51;, ohdg wr wkhvh wzr urzv
ri g �

7� / exw qrz zlwk wkh iruphu ohdglqj wr wkh irxuwk urz ri g �

7� dqg wkh odwwhu wr
wkh wklug urz1 Lq doo wkhvh fdvhv/ dq| +�c�3� ru %�c�3� fdq eh uhsodfhg e| +�� ru %��
uhvshfwlyho| zlwkrxw d�hfwlqj wkh frlqwhjudwlqj uhodwlrqvkls/ ehfdxvh +�� � +�c�3� dqg
%�� � %�c�3� duh vwdwlrqdu| yduldeohv e| qdwxuh ri +c% � 7UE��1

Iru ixoo shulrglf frlqwhjudwlrq/ wkh frlqwhjudwlqj uhodwlrqvklsv duh ri wkh irup +r� �
&�r %r� zlwk qrw doo &�r htxdo ryhu r ' �c ���ce� Wklv ohdgv lpphgldwho| wr g �

�� lq +619,1
Wkh vshfldo fdvh &�

�
' &�

2
' &�

�
' &�

e
ohdgv wr qrqshulrglf frlqwhjudwlrq ehwzhhq wkh

7U E�� surfhvvhv1 Ixoo dv|qfkurqrxv shulrglf frlqwhjudwlrq fdxvhv wkh frh!flhqwv &�r
+r ' �c 2c �c e, wr eh vkliwhg lq wkh uhjkw0kdqg e � e pdwul{ ri g �

�� / zlwk wkh pdwul{
61:, looxvwudwlqj wklv iru � ' �1 Rqfh djdlq/ wkh vshfldo fdvh &�

�
' &�

2
' &�

�
' &�

e
ohdgv

wr wkh fruuhvsrqglqj fdvh ri dv|qfkurqrxv qrqshulrglf frlqwhjudwlrq1
Fruroodu| 5151 Iru wkh uhodwlrqvkls ehwzhhq ixoo shulrglf frlqwhjudwlrq dqg ixoo

shulrglf frlqwhjudwlrq lq sduw +l,/ suhpxowlso| +619, e| wkh wudqvirupdwlrq pdwul{ A ri
+517,1 Wklv |lhogv
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zklfk gh�qhv wkh frlqwhjudwlqj uhodwlrqvklsv ri ixoo vhdvrqdo frlqwhjudwlrq rqo| zkhq
wkh qrqshulrglf htxdolw| &�

�
' &�

2
' &�

�
' &�

e
' & krogv1 Wkxv/ lq wkh qrqshulrglf
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fdvh/ wkh qrqvlqjxodu olqhdu wudqvirupdwlrq zklfk surgxfhv wkh wudqvirupdwlrq ri t�
xvhg lq vhdvrqdo frlqwhjudwlrq grhv qrw surgxfh wkh wudqvirupdwlrq ri f� uhtxluhg iru
vhdvrqdo frlqwhjudwlrq1 Frqyhuvho|/ suhpxowlso|lqj wkh pdwul{ ri frlqwhjudwlqj yhfwruv
iru ixoo vhdvrqdo frlqwhjudwlrq g �

7� e| A3� grhv |lhog wkh ixoo shulrglf frlqwhjudwlrq
pdwul{ hlwkhu1 Wr frqvlghu ixoo dv|qfkurqrxv shulrglf frlqwhjudwlrq dqg ixoo shulrglf
frlqwhjudwlrq/ lw lv vx!flhqw wr qrwh wkdw qhlwkhu pdwul{ fdq eh rewdlqhg iurp wkh rwkhu
wkurxjk hohphqwdu| urz wudqvirupdwlrqv1 Zkhq ixoo dv|qfkurqrxv shulrglf frlqwhjud0
wlrq lv frqvlghuhg lq uhodwlrq wr ixoo vhdvrqdo frlqwhjudwlrq/ dqdorjrxv dujxphqwv dsso|
wr zkhq wkh fruuhvsrqglqj ixoo shulrglf fdvh lv frqvlghuhg1

Wr hvwdeolvk sduw +ll,/ qrwh wkdw zkhq &�
�
' &�

2
' &�

�
' &�

e
' &/ +815, lv

g �

��� '
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zklfk lv d vshfldo fdvh ri wkh vhdvrqdo frlqwhjudwlrq frlqwhjudwlrq pdwul{ +618, zlwk
&� ' &2 ' &- ' & dqg &U ' f1 Vlqfh A lv qrqvlqjxodu wkh frqyhuvh krogv/ vr wkdw wklv
vshfl�f irup ri vhdvrqdo frlqwhjudwlrq lv htxlydohqw wr qrqshulrglf frlqwhjudwlrq1 Sduw
+lll, fdq eh hvwdeolvkhg xvlqj wkh vdph dssurdfk1
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Elufkhqkdoo/ F1U1/ U1F1 Eodghq0Kryhoo/ D1S1O1 Fkxl/ G1U1 Rveruq dqg M1S1 Vplwk
+4<;<,/ �D Vhdvrqdo Prgho ri Frqvxpswlrq/� Hfrqrplf Mrxuqdo <</ ;6:0;761

Ervzlmn/ K1S1 dqg S1K1 Iudqvhv +4<<8,/ �Shulrglf Frlqwhjudwlrq= Uhsuhvhqwdwlrq dqg
Lqihuhqfh/� Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv ::/ 76907871

Gdylgvrq/ M1H1K1/ G1I1 Khqgu|/ I1 Vued dqg V1 \hr +4<:;,/ �Hfrqrphwulf Prghoolqj ri
wkh Djjuhjdwh Wlph Vhulhv Uhodwlrqvkls ehwzhhq Frqvxphuv* H{shqglwxuh dqg Lqfrph
lq wkh Xqlwhg Nlqjgrp�/ Hfrqrplf Mrxuqdo/ ;;/ 99409<51

Hqjoh/ U1I1 dqg F1Z1M1 Judqjhu +4<;:,/ �Frlqwhjudwlrq dqg Huuru Fruuhfwlrq= Uhsuh0
vhqwdwlrq/ Hvwlpdwlrq dqg Whvwlqj/� Hfrqrphwulfd 88/ 58405:91

Hqjoh/ U1I1/ F1Z1M1 Judqjhu/ V1 K|oohehuj dqg K1V1 Ohh +4<<6,/ �Vhdvrqdo Frlqwhjud0
wlrq= Wkh Mdsdqhvh Frqvxpswlrq Ixqfwlrq/� Mrxuqdo ri Hfrqrphwulfv 88/ 5:806361

Iudqvhv/ S1K1 +4<<6,/ �D Phwkrg wr Vhohfw Ehwzhhq Shulrglf Frlqwhjudwlrq dqg Vhd0
vrqdo Frlqwhjudwlrq/� Hfrqrplfv Ohwwhuv 74/ :0431

Iudqvhv/ S1K1 +4<<7,/ �DPxowlyduldwh Dssurdfk wr Prgholqj Xqlyduldwh Vhdvrqdo Wlph
Vhulhv/� Mrxuqdo ri Hfrqrphwulfv 96/ 46604841

Iudqvhv/ S1K1 +4<<8,/ �D Yhfwru ri Txduwhuv Uhsuhvhqwdwlrq iru Elyduldwh Wlph Vhulhv/�
Hfrqrphwulf Uhylhzv 47/ 880961

Iudqvhv/ S1K1 +4<<9,/ Shulrglflw| dqg Vwrfkdvwlf Wuhqgv lq Hfrqrplf Wlph Vhulhv/
R{irug= R{irug Xqlyhuvlw| Suhvv1

Iudqvhv/ S1K1 dqg W1 Norhn +4<<8,/ �D Shulrglf Frlqwhjudwlrq Prgho ri Txduwhuo|
Frqvxpswlrq/� Dssolhg Vwrfkdvwlf Prghov dqg Gdwd Dqdo|vlv 44/ 48<04991

Iudqvhv/ S1K1 dqg U1 Sdds +4<<8,/ �Vhdvrqdolw| dqg Vwrfkdvwlf Wuhqgv lq Jhupdq
Frqvxpswlrq dqg Lqfrph/� Hpslulfdo Hfrqrplfv 53/ 43<04651

Kdgoh|/ J1 +4<94,/ Olqhdu Dojheud/ Uhdglqj/ Pdvvdfkxvhwwv= Dgglvrq0Zhvoh|1

Kduyh|/ D1 dqg D1 Vfrww +4<<7,/ �Vhdvrqdolw| lq G|qdplf Uhjuhvvlrq Prghov�/ Hfr0
qrplf Mrxuqdo/ 437/ 4657046781

Jk|vhov/ H1 dqg G1U1 Rveruq +5334,/ Wkh Hfrqrphwulf Dqdo|vlv ri Vhdvrqdo Wlph

Vhulhv/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Khuzduw}/ K1 +4<<:,/ �Shuirupdqfh ri Shulrglf Huuru Fruuhfwlrq Prghov lq Iruhfdvwlqj
Frqvxpswlrq Gdwd/� Lqwhuqdwlrqdo Mrxuqdo ri Iruhfdvwlqj 46/ 75407641

K|oohehuj/ V1/ U1I1 Hqjoh/ F1Z1M1 Judqjhu dqg E1V1 \rr +4<<3,/ �Vhdvrqdo Lqwhjudwlrq
dqg Frlqwhjudwlrq/� Mrxuqdo ri Hfrqrphwulfv 77/ 548056;1
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Mrkdqvhq/ V1 +4<;;,/ �Vwdwlvwlfdo Dqdo|vlv ri Frlqwhjudwlrq Yhfwruv/� Mrxuqdo ri Hfr0

qrplf G|qdplfv dqg Frqwuro 45/ 56405871

Mrkdqvhq/ V1 dqg H1 Vfkdxpexuj +4<<<,/ �Olnholkrrg Dqdo|vlv ri Vhdvrqdo Frlqwhjud0
wlrq/� Mrxuqdo ri Hfrqrphwulfv ;;/ 634066<1

Ohh/ K1V1 +4<<5,/ �Pd{lpxp Olnholkrrg Lqihuhqfh rq Frlqwhjudwlrq dqg Vhdvrqdo Frlq0
whjudwlrq/� Mrxuqdo ri Hfrqrphwulfv 87/ 407<1

Rveruq/ G1U1 +4<<6,/ �Glvfxvvlrq= Vhdvrqdo Frlqwhjudwlrq/� Mrxuqdo ri Hfrqrphwulfv

88/ 5<<06361

Skloolsv/ S1F1E1 +4<<4,/ �Rswlpdo Lqihuhqfh lq Frlqwhjudwhg V|vwhpv�/ Hfrqrphwulfd
8</ 5;606391

Vwrfn/ M1K1 dqg P1Z1 Zdwvrq +4<;;,/ �Whvwlqj iru Frpprq Wuhqgv�/ Mrxuqdo ri wkh
Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;6/ 43<:0443:1

Vwrfn/ M1K1 dqg P1Z1 Zdwvrq +4<<6,/ �D Vlpsoh Hvwlpdwru ri Frlqwhjudwlqj Yhfwruv
lq Kljkhu Rughu Lqwhjudwhg V|vwhpv�/ Hfrqrphwulfd 94/ :;60;531
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