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1 Introduction

T hekeyassumptioninvintagecapitaltechnologyis thattechnicalprogress is em-
bodiedinnewmachines, andnewmachinesarealwaysbetterthanoldones;because
ofthat, itis anappropriateframeworktostudytheadoptionofnewtechnologies.
A numberofpapershavestressedtheimportanceofadoptioncostsintheprocessof
implementingnewtechnologies: ParenteandPrescott(19 9 4)assumethatadoption
isacostlyactivityand…rms’decisionstoadoptbettertechnologiesimplyatrade-o¤
betweentheadditionaladoptioncostsandtheincreaseinthe…rms’revenuesdueto
theuseofabettertechnology;intheirmodel, adoptioncostsareexogenousandtake
theformofinstitutionalandexternalconstraints. G reenwoodandJovanovic(19 9 8)
emphasizethee¤ectofadoptioncosts andtheirinteractionwithskillinadopting
bettertechnologies. Someempiricalpapers reinforcetheprevious idea. Flugand
H ercowitz (19 9 7 ) …ndthatan increase inequipmentinvestmentleads toarise in
thedemandofskilled labor. A dlerandClark(19 9 1) showthattheopeningofa
plantisfollowedbyatemporaryincreaseintheuseofskilledlaborwhosejob isto
gettheproductionprocess ”up tospeed”. Inotherwords, skilledlaborfacilitates
theadoptionprocess.
Fromatheoreticalviewpointtherearetwowaystodealwithadoptioncosts. The

adoptionofanewtechnologymaycarryalargeforgoneoutputcostincurredduring
thelearningperiod, as ittakessometimeforthenewtechnologytooperateatits
theoreticallevel(Parente, 19 9 4; Boucekkine and M artinez, 19 9 9 ). O n theother
hand, an increase inthelabordevotedtoadoption, oran increase inproduction
costs, duringatemporaryperiodcanhelpthenewtechnologytoreachitspotential
productivity. M agnacand Verdier(19 9 3) analyze in aduopolistframeworkthe
processofadoptionwhenthenewtechnologyis characterizedbyadaptationcosts
andlearninge¤ects. Theyconsiderthatadoptionshows twophases. Inthe…rst
phase, the…rmmustincurlargercostssinceitmustadapttothenewtechnologyit
isusingforthe…rsttime;inthesecondperiod, the…rmhasalreadylearnedhowto
usethenewtechnologyanditisabletoproduceatlowercost.
Infact, theprevious theories areequivalentinthattheycauseadecline inthe

…rms’netrevenues;inthe…rstcasethis is introduceddirectlyinthemodel, while
inthelastcaseitisassumedthatthedecreaseinproductivityduringtheadoption
periodiscompensatedbyhiringanextraamountoflabor, orextraproductioncosts.
In this paper, weconsiderthe second approach. W e studya Ramseygrowth

vintagecapitalmodelwithlinearutilityandL eontie¤ technology, previouslystudied
byBoucekkine, G ermainandL icandro(19 9 7 ), andrelaxthezeroadoptioncostthey
assume. W emodeladoptioncosts, followingtheM agnacandVerdiersetupoftwo
adoption phases, as an additionallaborcosttobe paid overa …xed intervalof
time. Tokeep things as simpleas possible, wedonotimposeanyskillcondition
onthelaborinputrequiredforadoptionsothatthelabormarketisnotsegmented
in ourmodel. W e showhoweverthatourresults arenotqualitativelyaltered if
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askilldi¤erentialweretobeintroduced, especiallywithrespecttothedynamics.
Indeed, ourmain results come essentiallyfrom the factthatourspeci…cation of
adoptioninvolvesanadoptionperiodwhosedurationis signi…cantlydi¤erentfrom
thetimefrequencyofreplacementinvestmentas endogenouslydetermined inthe
model. W hatiscrucialinoursettingisnotreallytheskilloftheemployeesworking
ontheadoptionsideoftheeconomybutratherthefactthatthedurationoftheir
speci…cactivityisgenerallymuchlowerthantheoptimallifetimeoftheproduction
units.
Theobjectiveofthepaperistostudyhowtheshortandthelongrundynamics

area¤ectedbyadoptioncosts andtoanalyzetheconsequences ofadoptioncosts
intechnologicalsubstitution. Incontrasttothezeroadoptionmodelconsideredby
Boucekkine, G ermainandL icandro(19 9 7 ), inwhichthedynamicsofinvestmentis
purelyperiodicintheshortandinthelongrun, theinclusionofadoptioncostsgives
risetosome ”irregularpatterns” in the shortrunandconvergencetothe steady
state inthelongrun. Todealwiththee¤ectofadoptioncosts ontechnological
substitutionwemaketwoextensions ofthemodel. First, we letadoption costs
dependontherateoftechnicalprogressinordertoanalyzeifadoptioncostsdestroy
theinherentobsolescencee¤ectobtainedinvintagecapitalmodels. W eshowthat
whenadoptioncosts dependonthetechnicalgrowthrate, thee¤ectofgrowthon
theoptimallifetimeofmachines is indeterminate. Thecreativedestructione¤ect
canbecompensatedbytheadoptione¤ect, andfastergrowthrates implytheuse
ofoldertechnologies by…rmsorcountrieswithhigheradoptioncosts. Finally, we
relaxtheassumptionaccordingtowhich itis always pro…tabletoadoptthebest
technology, and assume thatadoption costs depend on the adopted technology.
Inthis frameworkwealsochecktherobustness oftheobsolescencee¤ectandthe
in‡uenceofthetechnicalprogressrateonthetechnologicalgap.
The paperis organized as follows. Section 2 describes and shows thecentral-

izedequilibriumofthesimplestmodel: adoptioncostsareconstantandexogenous.
Section3characterizesthesteadystateofthiseconomyandgivesthecomparative
statics. Section 5 develops thedynamics, in particular, westudytheasymptotic
stabilityofthemodelandtheshortrunbehavior. Section6and7 extendthemodel
tochecktherobustnessoftheobsolescencee¤ectwhenadoptioncostsdependonthe
technicalprogressrate, andwhentheydependontheadoptedtechnology. Section
8 concludes.

2 Themodel

W econsideraneconomywithvintagecapitalandaL eontie¤ technology. Technolog-
icalprogress isexogenousandweassumethatiscontinuouslyembodiedinthenew
capitalgoods. Consistently, weassumethatoureconomydoesnotinnovate, itsim-
plyadoptsthemostadvancedtechnologies, however, itmustexertane¤orttoadopt
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newtechnologies;infact, weassumethatadoptioniscostlyandthatitrequiresan
extraamountoflaborduringa…xed intervaloftime, sayD. T hemodellingof
adoptionthroughadditionallaborrequirements isstandard. Insomerecentcontri-
butions (as inG reenwoodandYorokoglu, 19 9 7 ), adoptionrequires skilledlabor.In
others, as inEasterlyetal. (19 9 4), adoptioncostsaresimplytakenproportionalto
thelaborforce. Inoursetting, althoughweconsiderthatadoptionandproduction
aretwodistinctactivities, wedonotintroduceanyskilldi¤erentialinthemodel:
laboris homogeneous andhencethelabormarketis notsegmented(as itwillap-
pearveryclearlylater, ourresultswillnotbealtered ifaskilldi¤erentialwereto
beintroduced). M oreprecisely, productionandadoptionarelinkedas follows: to
formaproductionunit, a…rmshouldcombineoneunitofcapital, oneunitoflabor
devotedtoproduction(which is neededalongthelifetimeoftheproductionunit)
and ® units oflaborforD periods oftimedevoted toadoption. Theembodied
technologicalprogressisassumedtobelaboraugmentingandincreasingatarate°.
O urspeci…cationcanbeinterpretedasfollows. Therearetwodistinctphasesinthe
lifetimeofaproductionunit: forthe…rstD periodsanextralabore¤ortisneeded
tooperatethecapitalgoods which incorporatethelatesttechnologicaladvances.
O ncethisphaseis…nished, the…rm isassumedtohaveenoughexpertisetoproduce
the samequantityofoutputwithaloweramountoflabor. Itis worthpointing
outthatbecauseoftheunderlyingL eontie¤ structure, oursettingis equivalentto
assumingadecrease inlaborproductivityforthe…rstD periods, whichthe…rm
compensatesbyhiringanextraamountoflaborwhichisastandardspeci…cationin
therecentliteratureofthe…eld.
IfwedenotebyT(t)theageoftheoldestoperatingmachinesattimet, aggregate

employmentL(t)andoutputY (t)aregivenby:

Y (t) =
Zt

t¡T(t)
H (s)e°sd s

L(t) =
Zt

t¡T(t)
H (s)d s+

Zt

t¡D
® H (s)d s

whereH (t) denotestheproductionunitscreationrateduetotheL eontie¤ tech-
nology. A sitwillbeclearlater, thelifetimeofproductionunits, T(t), isdetermined
endogenouslyinthemodelincontrasttotheadoptionperiodD whichis takenas
constant. T heassumptions underlyingourspeci…cations areobviouslyconsistent
with T(t) > D foreveryt: theadoptionphasecannotexceedthelifetimeofthe
productionunits. Instead, inthespiritofthemodel, thelifetimeoftheproduction
unitsshouldbesigni…cantlygreaterthantheadoptiontime. W ewillreturntothis
issuelater.
W e assumethatthe investmentcostis linearand proportionaltothe leading

productivity: i(t) = H (t)e°t. Toclosethemodel, we specifytheconsumerside:
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theeconomycomprisesacontinuumofagents, indexedfrom 0 to1. A llindividuals
sharethesamelinearpreferencesoverlifetimeconsumption:

Z 1

0
C (t)e¡rtd t

wherer > 0 isthesubjectiverateoftimepreference, andC (t) istheindividual’s
consumptionattimet;thereisnodesutilityoflabor, hencethesupplyisexogenous
andequaltoone.

2.1 TheCentralPlannerProblem

T hecentralplannersolvesthefollowingproblem:

max
Z 1

0
C (t)e¡rtd t

subjectto

C (t) = Y (t)¡i(t)
i(t) = H (t)e°t

Y (t) =
Zt

t¡T(t)
H (s)e°sd s (1)

Zt

t¡T(t)
H (s)d s+

Zt

t¡D
®H (s)d s = 1 (2)

givenH 0 (t) forallt< 0 .
InordertosolvethiscontrolproblemwemaximizetheassociatedL agrangianfunc-

tion;then, afterchangingtheordertheintegration(followingM alcomson(19 7 5)),
andsomealgebra, weget:

L(t) =
Z 1

0
[Y (t)¡H (t)e°t¡Á(t)Y (t)+ !(t)]e¡rtd t+

Z 1

0
H (t)

" Rt+ J(t)
t [e°tÁ(s)¡!(s)]e¡r(s¡t)d s¡

®
Rt+ D
t !(s)e¡r(s¡t)d s

#
e¡rtd t+

Z 0

¡T(0 )
H (t)

" Rt+ J(t)
0 [e°tÁ(s)¡!(s)]e¡r(s¡t)d s¡

®
Rt+ D
0 !(s)e¡r(s¡t)d s

#
e¡rtd t

where

J(t) = T(t+ J(t))
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Theinteriorsolutionofthisoptimizationproblemischaracterizedbythefollowing
…rstorderconditions:

Á(t) = 1 8t
e°t = !(t+ J(t)) (3)

e°t =
Zt+ J(t)

t

£
Á(s)e°t¡!(s)

¤
e¡r(s¡t)d s¡®

Zt+ D

t
!(s)e¡r(s¡t)d s (4)

J(t) = T(t+ J(t)) (5)

W here Á(t)and !(t) arethemultipliers associatedwiththeconstraints (1) and
(2)respectively. Equation(3) isanexitconditionwhichrequiresthatthemarginal
valueoflabor!(t) is equaltoitsmarginalproductivity. Equation(4) is anentry
conditionwhichequalizesthemarginalcostofinvestmentandtheexpectedmarginal
revenueoveritsplannedlifetime, J(t). Equation(5)isjustade…nition: theexpected
lifetimeofthenewcapitalgoodsJ(t) isequaltotheageoftheoldestcapitalgoods
attimet+ J(t).
W earenowabletode…neanequilibrium foroureconomy.

D e…nition1 G iven theadoption timeD ¸ 0 , and given the initialconditions
H 0(t), 8t< 0 , anequilibrium foroureconomyis apathforT(t), J(t), H (t) and
Y (t), 8t¸0 , suchthatT(t) andJ(t) arestrictlygreaterthanD ¸0 , andsatis…es
thesystemofequations:

1 =
Zt+ J(t)

t

£
1¡e¡°(t¡s+ T(s))

¤
e¡r(s¡t)d s¡®

Zt+ D

t
e¡°(t¡s+ T(s))e¡r(s¡t)d s (6)

J(t) = T(t+ J(t)) (7 )

1 =
Zt

t¡T(t)
H (s)d s+

Zt

t¡D
®H (s)d s

Y (t) =
Zt

t¡T(t)
H (s)e°sd s

3 O ptimalScrappingandA doptionT ime

O urequilibriumconditionsshowaclearrecursiveforward-lookingsub-block, namely
thesub-blockformedbyequations (6)-(7 ). T his sub-blockallows tosolveforthe
timingvariablesT(t)andJ(t) independentlyoftheotherendogenousvariables. By
di¤erentiating(6), using(7 )andrearrangingterms, we…ndthefollowingfunctional
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relation

T(t) = F(T(t+ D);J(t))

= ¡1
°
ln

·
1

1 + ®

³
1¡(r¡°)¡°

r
(1¡e¡rJ(t))+ ® e¡°T(t+ D)e¡(r¡°)D

´̧

InorderforfunctionF(:;:)tomapfrom R + ¤R + intoR + + , weneedthefollowing
assumption:

A ssumption1 Theparameters ofthemodelmustsatisfythefollowingcondi-
tions: 0 < °< r < 1:

This assumptionontheparameters is astandardconditionfortheexistenceof
solutions in exogenous growthmodels; itis notdi¢culttoprovethatunderas-
sumption1, (i) functionF(:;:) is increasingwithrespecttoeachofitsarguments,
and(ii) functionG (x) = F(x;x)hasauniquestrictlypositive…xed-point. Thefol-
lowingexistence-uniquenessresultgeneralizesBoucekkine, G ermainandL icandro’s
Proposition2 (19 9 7 ).

Proposition2 U nderassumption 1, foranyvalueoftheadoption timeD ¸ 0 ,
theuniqueequilibrium pathsforT(t) andJ(t), t¸0 , areconstantandequaltothe
…xed-pointT¤ofthefunction G (x) = F(x;x).

Proof: T heproofconsists inconstructingasequenceofupperbounds andlower
boundsforT(t), 8t, andtoshowthatthesetwosequencesconvergetothe…xed-point
offunctionG (x). R ecallthat

T(t) = ¡1
°
ln

£
A+ B e¡rJ(t) + C e¡°T(t+ D)

¤

A =
r¡°
1 + ®

µ
1
r
¡1

¶
> 0

B =
°

r(1 + ®)
> 0

C =
®

1 + ®
e¡(r¡°)D > 0

A nobviouslowerboundforT(t) isF(0 ;0 ) = ¡1
°ln[A+ B + C ], andasimpleupper

boundisF(1 ;1 ) = ¡1
°ln[A]. W eget:

¡1
°
ln[A+ B + C ]·T(t)·¡1

°
ln[A]

forallt· 0 . Sincetheprevious inequalitiesholdforallt, theyholdatt+ D and
att+ J(t). A s T(t+ J(t)) = J(t), wecan…ndanotherlowerboundandanother
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upperboundforT(t) usingthefactthatfunctionF(:;:) is increasingineachofits
arguments:

¡1
°
ln

h
A+ B e

r
°ln[A+ B + C ]+ C eln[A+ B + C ]

i

· T(t)·¡1
°
ln

h
A+ B e

r
°lnA + C eln[A]

i

W ecankeepongeneratingsuccessivelowerbounds (an)andupperbounds (bn) for
T(t) inthisway. Forlowerboundswegetthesequencea0 = ¡1

°ln[A+ B + C ]and
an = ¡1

°ln[A+ B eran¡1 + C e°an¡1]= G (an¡1), foralln ¸1. Forupperboundswe
getthesequenceb0 = ¡1

°ln[A]andbn = ¡1
°ln

£
A+ B erbn¡1 + C e°bn¡1

¤
= G (bn¡1).

T hesequencean (bn) is triviallyincreasing(decreasing) andbounded. Thus, both
sequencesconverge, theyconvergetothe…xedpointoffunctionG (:)byconstruction.
Proposition1 followsimmediately.

N otethattheconstancyoftheoptimal(interior) lifetimeofproductionunits is
obtainedeven inthezeroadoptioncostcase, namely ifD = 0 . This propertyis
usefulforcomparisonpurposes. A …rstinterestingeconomicinsightcanbegained
fromthestudyofoptimallifetimewhentheadoptiontimevaries.

Proposition3 U nderassumption1, theoptimallifetimeofproductionunitsT¤ is
an increasingbutconcavefunctionoftheadoptiontimeD.

Proof: SeetheproofintheA ppendix.

Thepropositionshowstwointerestingeconomicproperties ofthemodel. First,
adoptioncosts increasethelifetimeofproductionunits anddelayreplacementof
theoldestmachines. Secondly, thegrowthrateoftheproduction’sunitslifetimeis
decreasingwithrespecttotheadoptiontime. This is ratheranexpectedproperty
havinginmind equilibrium equation (6). A n increase in theadoption timewill
increasetheassociatedlaborcost, whichtendstoincreasethelifetimevariableJ(t)
as itrequires timetorecovertheadditionallaborcosts. H owever, an increase in
thelifetimevariableJ(t) decreasesthe”shadow” wagesbyequation(3), soitwill
reduceex-postthelaborcosts. A saresult, theoptimallifetimetendstogrowthless
thantheadoptiontime.

Indeed, thelaterissueasawholeisnotthatimportantinoursimpleframework
sincetheadoptiontime is exogenous andcanbe…xedtoaconvenientvaluecon-
sistentlywith theviewunderlyingourspeci…cationofadoption. R ecallthat, by
de…nitionofequilibrium, theoptimallifetimeofproductionunits shouldbelower
thantheadoptiontime. Theconcavityresultaboveimplies thatthelatterdesired
propertymaynotbeobtainedforlargevalues ofD. W ecanpreventsuchanun-
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desirablecon…gurationbyrestrictingthevaluesofadoptiontime. W ecanestablish
thefollowingexistenceresult.

Proposition4 U nderassumption1, thereexistsD0 > 0 suchthatT¤> D ifand
onlyif0 ·D ·D0

Theprevious proposition restricts thevalueoftheadoption timeunderwhich
T(t) = T¤ is anequilibrium forallt¸ 0 . W ethinkofadoptiontimeas ashort
transitionperiodcomparedtothewholelifetimeofproductionunits. Inthiscontext,
proposition4worksextremelywell.2

4 SteadyStateandComparativeStatics

T hissectioncharacterizesthesteady-stateandanalyzesthee¤ectsofchangesinthe
rateoftechnicalprogress, °, andtheadoptioncosts(® ;D)onthelongrunvaluesof
thevariablesofthemodel. Thesteadystateofthiseconomyisasituationinwhich
therateofjobcreation, detrendedproductionandtheoptimallifeofthemachines
areconstants, i.e., H (t) = H , Y (t) = Y e°t, T(t) = T(t+ D) = J(t) = T¤. Itis
characterizedbythefollowingequations:

1 =
1¡e¡rT¤

r
¡e¡°T¤¡e¡rT¤

r¡°
¡® e¡°T¤(1¡e¡(r¡°)D)

r¡°
(8)

1 = H T¤+ ® H D (9 )

Y =
H (1¡e¡°T¤)

°
(10)

U singthe equations above, we can establish the followingcomparative statics
results, whichareobtainedbydi¤erentiatingtheequationsabove(seetheappendix).

(i)
@T¤

@D
> 0 ;

@T¤

@®
> 0 ;

@T¤

@°
< 0

A nincreaseintheadoptionperiod, oranincreaseintheadditionallaborrequired
toimplementthenewtechnologyraisestheassociatedlaborcostsandaugmentsthe
requiredtimetorecovertheinvestment;consequentlyadoptioncosts increasethe
optimallifetimeofthemachines.
TheinverserelationbetweenT¤and°is standardinvintagecapitalmodels;itis

thetypicalobsolescencee¤ect, re‡ectingthatanincrementintherateoftechnologi-
calprogressmakesreplacementmorepro…table. A sadoptioncostsareconstant, the
obsolescencee¤ectisnota¤ectedbythem. Insubsequentsections, wewillshowthat
thisresultnolongerholdswhenwerelaxtheconstantadoptioncostsassumption.
2 Forexample, ifr=0 :0 5, ° =0 :0 3, ® =0 :2 andd=3, T¤equalsto1 1 :25 years, whiled0 is 1 6:7
years.
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(ii)
@H
@D

< 0 ;
@H
@®

> 0 ,
@H
@°

> 0

A riseintheadoptioncosts shoulddecreasethejobcreationrate;infact, there
aretwonegativee¤ects. First, thereisadirecte¤ect: adoptioncosts increaselabor
costsanddiscourageinvestment. Second, thereisanindirecte¤ectwhichreinforces
thedirectone: adoptioncostsaugmenttheoptimallifetimeT¤, andsojobcreations
shoulddiminishtomaintainthelabormarketequilibrium.
O ntheotherhand, anincreaseintherateoftechnicalprogressraisestherateof

job creation. Fastertechnicalprogress decreases theoptimalageofthemachines
andconsequently, inequilibrium, jobcreationmustincrease.

(iii)
@Y ¤

@D
> 0 ;

@T¤

@®
> 0;

@Y
@°

< 0

A nincrementintheadoptioncostshastwoopposinge¤ectsondetrendedoutput.
First, itincreasestheoptimallifetimeandtendstoraisedetrendedoutput. Second,
there is anegative e¤ect, workingthrough areduction ofthe job creation rate,
pushingtowardanincreaseindetrendedoutput. A sweshowintheA ppendix, the
totale¤ectisunambiguouslynegative.
A nincreasein°hasthreecompetinge¤ectsondetrendedoutput:

@Y
@°

=
1¡e¡°T

°
@H
@°

+ H e¡°T
@T
@°

+
H (°Te¡°T ¡1 + e¡°T)

°2
(+ ) (¡) (¡)

First, there is a positive e¤ectwhichworks in the direction ofincreasingthe
equilibrium job creationrate, andhenceaugmentingdetrendedoutput. Second, a
riseintherateoftechnicalprogressdecreasestheoptimallifetimeandhasanegative
e¤ectondetrendedoutput. Finally, takenH andT asgiven, anincreasein°reduces
thelongrunoutput. W hichofthecon‡ictinge¤ectswilldominatewilldependupon
thesizeofthem. W eshowintheappendixthatthetotale¤ectisnegativeanddoes
notdependonthevaluesoftheparametersofthemodel.

5 D ynamicsandA symptoticPropertiesofJobCreationand
Production

Inthis section, wewillstudytheshortrundynamicsandtheasymptoticstability
ofjob creationandproduction. A s there is nounemploymentin themodel, the
dynamicsofjobcreationrateH (t)(1 + ®) areidenticaltothoseofjobdestruction
rateH (t¡T¤)+ ® H (t¡D).

9



D i¤erentiatingequation(9 ), thelabormarketequilibrium equation:

H (t) = aH (t¡D)+ (1¡a)H (t¡T¤) (11)

wherea = ®
1+ ® . Toderivethedynamicsofproduction, wedi¤erentiateequation(1)

and, takingintoaccountequation(10), obtain:

Y (t) = aY (t¡D)e°D + (1¡a)Y (t¡T¤)e°T
¤ (12)

Inthecasewhereadoptioncosts arezero, theRVCM studiedbyBoucekkineet
al(19 9 6), thedynamics ofjob creationandproductionarepurelyperiodicinthe
shortandinthelongrun.

H (t) = H (t¡T¤)
Y (t) = Y (t¡T¤)e°T

¤

T hemainimplicationofadoptioncosts is theappearanceofaseconddelayinthe
dynamicsofjobcreation. Thisseconddelayisalsoobtainedinthepresenceofaskill
di¤erentialbetweentheproductionandadoptionactivities undertheassumption
thatthetwoactivitieshavenotidenticaltiming, whichiswhyweargueabovethat
theintroductionofskilldi¤erentialsisnotnecessaryforthedynamicsofourmodel:
theintroductionofadoptioncostswilldistorttheequilibrium dynamicsas longas
theyinvolveadi¤erenttimingwithrespecttothemaincreationanddestruction
decisions. A s thedynamicsofY (t) areidenticaltothoseofH (t), wewillfocuson
thedynamicsofH (t).

Proposition5 A llthenonzerorootsof(11) arestable

Proof: Thecharacteristicfunctionassociatedtoequation(11) is

g(̧ ) = 1¡ae¡¸D ¡(1¡a)e¡¸T
¤
= 0 (13)

L et¸ = x+ iy, theng(̧ ) = 0 impliesthattherealandimaginarypartof(13)must
bezero.

1¡ae¡xD c os(xD)¡(1¡a)e¡xT
¤
c os(xT¤) = 0 (14)

ae¡xD sin(yD)+ (1¡a)e¡xT
¤
sin(yT¤) = 0 (15)

First, weprovethatg(̧ )hasanon-positiverealpart;wethencheckthatifthereal
partiszero, theimaginarypartisalsozero. Itiseasytoseethatx > 0 isimpossible
sinceitimplies ae¡xD c os(xD)+ (1¡a)e¡xT¤c os(xT¤) < 1, (e¡ z and c ost·1, for
anyt, andforany z > 0 ). O ntheotherhand, ifx = 0 , equations(14)and(15)can
bewrittenas

1¡a c os(xD)¡(1¡a)c os(xT¤) = 0
asin(yD)+ (1¡a)sin(yT¤) = 0
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anditistrivialtocheckthattheonlyvalueofythatsatis…esthepreviousequations
isy= 0 . So, theuniquerealrootisthetrivialroot¸ = 0 .

Thepreviouspropositiongivesusthefollowingresultfortheshortrunandasymp-
toticbehavior:

Corollary6 (i) U nless theinitialconditionfunction H 0(t) is constantandequal
toH , thedynamicsofjobcreationhaveacyclical, but”asymmetrical” behaviorin
theshortrun;

(ii) ForallH 0(t),

lim
t!1

H (t) = H =
1

T¤+ ®D

Thepreviouscorollaryisadirectresultofequation(11)andproposition5. G iven
thatthecharacteristicfunctionassociatedtoequation(11)hasonly¸ = 0 asareal
root, thedynamicsofjobcreationareasymptoticallystableandH (t) convergesto
itssteadyvalue.
Incontrastwiththezeroadoptioncostsmodelwehaveobtainedtwomainresults.

First, whentheadoptioncostsarepositive, ‡uctuationsvanishinthelongrun. Sec-
ond, convergencetothesteadystateiscyclical, butshowssomeirregularpatterns;
this asymmetricbehavioris aconsequenceoftheexistenceofaseconddelay, that
is, theadoptiontime, anddependsonthesizeoftheadoptioncosts.
W eanalyzeequation(11)toseetherole® andD playintheshortrundynamics

ofjob creation. Infact, H (t) is alinearcombinationofH (t¡D) and H (t¡T¤).
T heparametera = ®

1+ ® isanincreasingfunctionof® . G ivenD, theadoptionlabor
requirementmeasuresthee¤ectoftheadoptiondelayinH (t);if® islarge(small),
thedynamicsofjobcreationisdominatedbythejobcreationD (T¤)periodsbefore.
O ntheotherhand, given® , theadoptiontimegivesthefrequencyoftheirregular
patterns. T heirregularbehaviorofH (t)dependscruciallyontheinitialconditions.
A s we show, ifweestablish an increasing(decreasing) initialconditions, thegap
between H (t¡D) and H (t¡T¤), andtheirregularpatternis biggerthaninthe
case inwhich the initialconditions are cyclical. Someexamples ofthe previous
resultaregivenintheappendix.

Inthesimpleeconomywhichwehavejustanalyzed, technicalprogressaccelerates
thetechnologicalsubstitutionprocess, giventheadoptioncosts. Todealwiththe
obsolescencee¤ectinawideframework, weextendthemodelintwoways. Firstly,
weassumethatadoptioncostsdependonthetechnicalgrowthrate. Secondly, we
endogenizetheadoptioncosttoallowtoadoptioncoststodependontheadopted
technology. In the latterapproach, we showthatwe can dealwith the use of
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dominatedtechnologiesandanalyzetheroleoftechnicalprogressinthetechnological
gap.

6 A doptionCostsandTechnicalProgress

Intheprevious section, weassumedexogenousandconstantadoptioncostswhich
isequivalenttoincorporatinga…xedcost. This is simpleandunrealisticmodeling.
Infact, theprocessofimplementingnewtechnologiesisuncertaininnatureandthe
bestwaytomodelitisfromaBayesianperspective(JovanovicandN yarko, 19 9 5).
H owevertryingtodothisinageneralequilibriumframeworkisadauntingtask, and
generalequilibriummodelsdealwiththisproblemassumingamechanisticprocess.
G reenwood and Yorokoglu (19 9 6) stress the di¢cultyofmodellingthe adoption
process in an endogenous manner, and assume thatas the rate oftechnological
progress increases, themorecostly itbecomes toadoptthenewtechnologysince
enterpriseswillbelessfamiliarwithit.
In this section, we considerthe same approach as G reenwood and Yorokoglu

(19 9 6) andassumethatadoptioncosts dependpositivelyontherateoftechnical
progress. W iththisassumption, fastergrowthratesincreasetheadoptioncost. This
is asuitableframeworktostudywhethercountrieswithcostlyadoptionprocesses
delaythetechnologicalsubstitution andusemachines thatothercountries (with
loweradoption costs) have already replaced. Parente and Prescott(19 9 4) show
thatthedisparityintechnologyadoptionbarriers (whichcanbecapturedbyour
adoptioncosts)accountforthehugeobservedincomedisparityacrosscountries. O ur
objectiveistoanalyzewhetherthedisparityinadoptioncostscanexplaintheuseof
di¤erenttechnologiesacrosscountries. W ehavepointedoutthatinvintagecapital
modelswithzeroorconstantadoptioncosts thereis anobsolescencee¤ectwhich
makes thereplacementoftheoldestmachines pro…table. Inthis sectionwestudy
therobustness ofthis resultinacontextwheretherateoftechnologicalprogress
a¤ectstheadoptioncosts. A swesee, thetechnologicalprogresscanholdupmachine
replacementiftheadoptioncostsaresu¢cientlylarge.
W econsiderthefollowingadoptioncostsfunction, C (®(°);D);modellinginthis

wayimpliesthattheadoptionperiodisconstant. W eassumethatthelaborrequire-
menttoimplementthenewtechnologydependsontherateoftechnicalprogress.
A ssumption2 ® 0(°) > 0 , and® 00(°) > 0 .
A ssumption 2 states thatthe adoption costfunction is increasingand convex

in°. Itimplies thatfastertechnicalprogress increases thecostoftheadoption
process. Theconvexityassumptionisrequiredtore‡ectthatfastertechnicalgrowth
rates leadtolargerdi¤erences betweentechnologies ofdi¤erentvintages, and so,
implementationofthelatesttechnologies iscostly.

Proposition7 1) Ifthetechnicalprogressrate°, theadditionallaborrequirement
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® , orthedurationoftheadoptionphaseD, aresu¢cientlysmall, then @T¤
@° becomes

strictlynegative.
2) Iftheadoptionprocess issu¢cientlycostly, 9°0sothat@T¤

@° > 0
8°> °0. Besides, °0 isadecreasingfunctioninD.

Proof: W edi¤erentiateequation (8) takingintoaccountthat® depends onthe
rateoftechnologicalprogress:

@T¤
@° =

1¡e¡(r¡°)T¤¡T¤(r¡°)+ ® [1¡e¡(r¡°)D(1+ (r¡°)(D¡T¤))¡T¤(r¡°)]+ (r¡°)®¶(°)(1¡e¡(r¡°)D)
(r¡°)°[1¡e¡(r¡°)T¤+ ®(1¡e¡(r¡°)D)]

W ecanexpressthepreviousexpressionintermsofC (®(°);D):

@T¤

@°
=

@T¤

@°jC
+

@T¤

@®(°)
¤@® (°)

@°
(16)

(¡) (+ )

In contrastwiththetypicalobsolescencee¤ectwhichweobtainedwith constant
adoptioncosts, technologicalprogressalsoa¤ectstheoptimallifetimethroughthe
adoptioncosts inthis framework. A swecansee, equation(13) clearlyshowstwo
opposinge¤ects.
First, thereisadirectdestructioncreativee¤ ectwhichdecreasestheageofcapital.

G iven theadoption costs, an increase inthe technicalgrowthrate implies faster
obsolescence and adecrease the age ofcapital. The directdestruction creative
e¤ectdecreaseswiththetechnologicalprogressrate, duetothefactthatT¤(°) isa
decreasingandconvexfunction.
Second, thereisanadoptione¤ ect, whichincreasesthelifeofcapital: anincrease

inthegrowthrateraisestheadditionallaborrequirementandincreasestheoptimal
lifetimeofmachinesas itrequirestimetorecoupthelargeradoptioncosts.

A doptione¤ect=
@T¤

@®
® 0(°) =

(r¡°)®¶(°)(1¡e¡(r¡°)D)
(r¡°)°[1¡e¡(r¡°)T¤+ ®(1¡e¡(r¡°)D)]

Thepreviouse¤ectdependsmainlyonadoptioncosts;thedurationoftheadoption
periodandthee¤ectof°on ® haveapositivee¤ectonthesizeoftheadoption
e¤ect.
Thetotale¤ectisambiguousanditdependson°, ® (°)andD.

Proposition 7 re‡ects thefactthattechnologicalprogress canholdup thema-
chinereplacementwhentheadoptioncosts dependonthetechnicalprogressrate,
andwhentheyaresu¢cientlylarge. Ifwethinkofadoptioncostsasdi¤erentinstitu-
tionalbarriers(ParenteandPrescott, 19 9 4)acrosscountries, proposition7 produces
aninterestingresult: incountrieswithsmalladoptioncoststheobsolescencee¤ect
compensatestheadoptione¤ectandfastergrowthratesacceleratetechnologicalsub-
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stitution. H owever, incountrieswithlargeradoptioncosts thepredominante¤ect
is theadoptiononeandtechnicalprogressdiscouragesmachinereplacementwhich
leadstotechnologicalsclerosis.

Example.
W edealwithanumericalexampletocomparetwoeconomieswithdi¤erentadop-

tioncosts functions: ( C i(® i(°);Di), i= 1;2 ( …gure1). A ccordingtoG reenwood
andYorokoglu(19 9 7 ), adoptioncostsmayamounttoabout10% ofG D P indevel-
opedcountries. W echooseadoptionfunctions, sothat, intermsofG reenwoodand
Yorokoglu(19 9 7 ), theyre‡ectadevelopedandadevelopingeconomies. W esetthe
followingadoptioncostsfunctions®i(°) = ai°bandtheparametersofthemodelare
supposedtober = 0:0 5, D1 = 3years, D2 = 6years, a1 = 10 0 0 , a2 = 150 0 , b= 2 :5.
Inthe…rsteconomy, with°= 3% , theamountoflabordevotedtoimplementing
thetechnologyis ® 1 = 15% , andtheratioofadoptioncoststoproductiondoesnot
exceed10 % ;wede…nethiscountryasadevelopedeconomy. O nthecontrary, with
C 2 (® 2 (°);D2 )), ® 2 = 2 3% , andtheratioofadoptioncosts toproduction is about
13% ;wede…nethiscountryasadevelopingeconomy.
Inthedevelopedeconomyanincreaseintherateoftechnicalprogressdiminishes

theoptimallifetime;theobsolescencee¤ectis biggerthantheadoptione¤ectre-
gardlessofthevalueof°. Incontrast, inthedevelopingeconomytheobsolescence
e¤ectpredominatesforlowvaluesof°, but, asthetechnicalprogressrateincreases,
thepredominatee¤ectis theadoptionone: increasing°delays thetechnological
substitution.

N otethatthesizeofthe…rstderivativeoftheadoptioncostsfunctioniscrucialfor
proposition 7 (theadoptione¤ecttendstozerowhen® 0(°) tendstozero). Further
numericalexamples showthatthebigger® 0(°), thesmalleris theadoptionperiod
andthetechnicalgrowthraterequiredtobreakdowntheobsolescencee¤ect.

14



7 Endogenous A doptionCosts

Inthis sectionwestudythemachinereplacementprocesswhenadoptioncostsde-
pendontheadoptedtechnologyandthereisatrade-o¤ betweenadoptingthelatest
technologyandtheadoptioncostsincurredtoimplementit. Intheprevioussections
itisalwayspro…tabletoadoptthelatesttechnologybecauseadoptioncostsareinde-
pendentofthequalityofthetechnology. Itiswellknownthatdevelopingeconomies
investindominatedtechnologies, becausetheirimplementationarecheaper, andthe
qualityinvestmentdecisionthereforecreatesaproductivitygapbetweentheleader
andtheadoptedtechnology. M odelingadoptioncosts inanendogenouswayallows
ustoextendthemodeltodealwiththeuseofdominatedtechnologies. W ewillshow
thatwheneconomies cancontroladoptioncosts bychoosingtheadoptedtechnol-
ogyasadecisionvariable, werecoup theobsolescencee¤ect, andgreatertechnical
growthratesreducetheoptimallifetimeofthecapitalgoods. O nthecontrary, we
willobtainthattechnologicalprogresshasanegativee¤ectonthetechnologicalgap.
A doptioncosts shoulddependonthedi¤erencebetweentheadoptedtechnology

andthescrappedone;however, this assumptionmakes thesolutionofthemodel
considerablymoredi¢cult. W edealwiththisproblem byassumingthattheadop-
tioncostsdependsonthedi¤erencebetweentheleaderandtheadoptedtechnology..
T his is areasonableassumptionas itimplies thatwhatisreallycostlyisadopting
thenewesttechnologies;theunderlyingideaisthattechnologicalusealongtimebe-
comescommonknowledge, andusingoldertechnologiesischeaperthanusingnewer
ones, independentlyofthetechnologicalstartingpoint.
W edenotethetechnologicaldelay intbyK (t);thatis, in periodt, theecon-

omyadoptsthecapitalgoodscreatedint¡K (t);withanassociatedproductivity
e°(t¡K (t)). W eassumethattheadoptionperiod, D, is constant, andthelaborre-
quirementdevotedtoadoptiondepends onthetechnologicaldelay, ® (K (t)). W e
assumethattheinvestmentcostisproportionaltotheacquiredtechnology.
Thecentralplannernowhastosolvethefollowingproblem

max
Z 1

0
[Y (t)¡i(t)]e¡rtd t (17 )

subjectto

Y (t) =
Zt

t¡T(t)
H (s)e°(s¡K (s))d s (18)

1 =
Zt

t¡T(t)
H (s)d s+

Zt

t¡D
® (K (s))H (s)d s (19 )

i(t) = H (t)e°(t¡K (t))
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given H 0 (t) forallt< 0 . T his problem is equivalenttothecentralplanner’s
problem solved in section 2, yetin this case we have an additionalendogenous
variable: K (t). TheassociatedL agrangianfunctionis:

L(t) =
Z 1

0
[Y (t)¡H (t)e°(t¡K (t))¡Á(t)Y (t)+ !(t)]e¡rtd t+

Z 1

0
H (t)

" Rt+ J(t)
t

£
e°(t¡K (t))Á(s)¡!(s)

¤
e¡r(s¡t)d s¡

®(K (t))
Rt+ D
t !(s)e¡r(s¡t)d s

#
e¡rtd t+

Z 0

¡T(0 )
H (t)

" Rt+ J(t)
0

£
e°(t¡K (t))Á(s)¡!(s)

¤
e¡r(s¡t)d s¡

®(K (t))
Rt+ D
0 !(s)e¡r(s¡t)d s

#
e¡rtd t

where Á(t) and !(t) arethe L agrangianmultipliers associatedwithconstraints
(17 ) and(18) respectively. A ftersomealgebraandrearrangingterms, theinterior
solutionischaracterizedbythefollowing…rstorderconditions:

1 =
Zt+ J(t)

t

£
1¡e¡°(t¡s¡K (t)+ K (s)+ T(s))

¤
e¡r(s¡t)d s¡ (20)

®(K (t))
Zt+ D

t
e¡°(t¡s¡K (t)+ K (s)+ T(s))e¡r(s¡t)d s

1 =
Zt+ J(t)

t
e¡r(s¡t)d s+

® 0(K (t))
°

Zt+ D

t
e¡°(t¡s¡K (t)+ K (s)+ T(s)e¡r(s¡t)d s (21)

J(t) = T(t+ J(t)) (22)

Equation(20) is anentrycondition, andequation(21) is theoptimalcondition
forK ;itcanbewrittenas

°
Zt+ J(t)

t
e¡r(s¡t)d s = °¡® 0(K (t))

Zt+ D

t
e¡°(t¡s¡K (t)+ K (s)+ T(s)e¡r(s¡t)d s

andrequires thatthemarginalrevenueofdecreasingtheadoptionlagequalizes
themarginalcostofinvestmentandtheadditionaladoptioncosts(welaterassume
that® (K (t)) isdecreasingfunctionofK ). W erestrictouranalysistothestationary
equilibrium foroureconomy.

D e…nition8 G iven theadoption timeD ¸ 0 , and given the initialconditions
H (t);8t< 0 , astationaryequilibrium foroureconomyis asituationinwhichthe
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rateofjob creation, detrendedoutput, theoptimallife ofthemachines and the
technologicaldelayareconstants, i.e., H (t) = H , Y (t) = Y e°t, T(t) = J(t) = T ,
K (t) = K .

Itischaracterizedbythefollowingequations:

1 =
1¡e¡rT

r
¡e¡°T ¡e¡rT

r¡°
¡®(K )e¡°T(1¡e¡(r¡°)D)

r¡°
(23)

1 =
1¡e¡rT

r
+
® 0(K )e¡°T(1¡e¡(r¡°)D)

(r¡°)°
(24)

Y =
H e¡°K (1¡e¡°T)

°
(25)

1 = H T + ®(K )H D (26)

T he problem ofcheckingthe existenceofa stationary equilibrium is reduced to
verifyingthat(T;K ) exists, which solves equations (23) and (24). Tostudythe
existence ofa stationary equilibrium we need tomake some assumptions about
adoptioncosts.

A ssumption3
(i)K 2 [0 ;Kmax];andKmax is suchthat®(Kmax) = 0
(ii) ® 0(K ) < 0 , ® 00(K ) < 0 . Furthermore, ®(0 )¡! ® 0 and® 0(0 )¡! 0;

The previous assumption implies thatthe laborrequirementdevoted toadop-
tioncannotbenegative, andrestricts thebehaviorof®(K ) in areasonableway.
T headoptioncosts aredecreasinginthetechnologicalgap, andthee¤ectofthe
technologicalgap as reducingtheadoptioncosts is increasinginthegap size. In
otherwords, thecostsofadoptingtechnologiesdiminishesatanincreasingratewith
thetechnologicalgap. W edenotetheadditionallaborrequirementwhenthe…rm
acquirestheleadertechnologyby® 0 .

Proposition9 U nderassumption3, astationaryequilibrium existsforourecon-
omy. Theequilibrium isthereforeunique.

Proof: W e…rstprovethatequation(23)de…nesT asadi¤erentiableanddecreasing
functionofK , and equation(24)de…nesT asadi¤erentiableandincreasingfunction
ofK ,

F(T;K ) =
1¡e¡rT

r
¡e¡°T ¡e¡rT

r¡°
¡®(K )e¡°T(1¡e¡(r¡°)D)

r¡°
¡1 = 0 (27 )

G (T;K ) =
1¡e¡rT

r
+
® 0(K )e¡°T(1¡e¡(r¡°)D)

°(r¡°)
¡1 = 0 (28)
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IfwedenotethefunctionalrelationbetweenT andK givenbyF(T;K ) (G (T;K ))
byf(:) (g(:))

f0(T) =
® 0(K )(1¡e¡(r¡°)D(K ))

°[1¡e¡(r¡°)T + (1¡e¡(r¡°)D)® (K )]
< 0

g0(T) = ¡ ® 00(K )(1¡e¡(r¡°)D)
°(r¡°)e¡(r¡°)T ¡® 0(K )(1¡e¡(r¡°)D)

> 0

W henthetechnologicaldelaytends tozerowecaneasilyshowthatTf > Tg;in
fact,

F(T;0 ) =
1¡e¡rT

r
¡e¡°T ¡e¡rT

r¡°
¡® 0 e¡°T(1¡e¡(r¡°)D)

r¡°
¡1 = 0

G (T;0 ) =
1¡e¡rT

r
¡1 = 0

Summingup, T = f(K ) (T = g(K )) de…nes adecreasing(increasing) function,
andf isaboveg whenK tends tozero;so, theyonlyinterceptonce, andthesteady
stateishenceunique.

A stationaryequilibrium isanyset(T;K;H ;Y )thatsolvesequations (23)-(26).
B ecausetherelationde…nedbyF(T;K ) isdownwardslopingasillustratedin…gure
2, while G (T;K ) is upwardsloping, there is asingleequilibrium solutiontothe
twoequations. Then, thereis asinglesolutiontoequations (25) and(26), andthe
steadystateequilibrium isunique.
Figure 2 provides insightintohowthevarious parameters ofthemodela¤ect

thesteady-stateoptimallifetimeofthemachinesandtechnologicalgap. N otethat
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thetechnologicalgap, de…nedas theratiobetweentheleadertechnologyandthe
adoptedone, isequaltoe°K .
A nincreaseinthelaborrequirementdevotedtoadoptionwhenthetechnological

gap is zero, ® 0 , shouldincreasethelifetimeofmachinesandthetechnologicalgap.
A nincreasein® 0 shifts theF curveup buthasnoe¤ectonG . Consequentlythe
equilibrium valueoftheoptimallifetime, thetechnologicaldelayandthetechno-
logicalgap increasewith® 0 . T heincrementinthetechnologicalgaptoreducethe
laborrequirementtoadoptionreducestheproductivityoftheadoptedtechnology,
increasingtheobsolescencee¤ectandinducingashorterlifetimeofthemachines.
O ntheotherhand, ® 0 canbeunderstoodasa…xedcostandthusaugmentstheop-
timalageofthemachinesasitrequiresmoretimetorecouptheadditionaladoption
cost. Thetotale¤ectispositive, andinthelongrunT riseswithanincreasein® 0 .
A nincreaseinD raisestheoptimallifetime, thee¤ectonthetechnologicalgap is

howeverambiguous. A higherD shiftstheF curveupandtheK curvetotheleft.
O nceagain, T increasestorecouptheadditionalcosts;thee¤ectonK isambiguous
astherearetwoopposinge¤ects: ahigherD tendstoincreaseK inordertoreduce
adoptioncosts, but, ahigherT mustbecompensatedbyasmallerK inorderforit
tobepro…tabletokeepthemachineforalongerperiodoftime.
A n increaseintherateoftechnicalprogress shiftstheF curvedownandtheG

curvetotheleft, andsoimpliesalowerT , butanambiguouse¤ectonK . A higher
°makes thereplacementmorepro…tableandreduces T. Italsohas twoopposite
e¤ectsonK . Firstly, itincreasesthereservationwageandthus increasestheadop-
tioncosts, inducinganincrementinK ;secondly, arisein°leadstoanincreasein
theproductivityofthemachinesandstimulatestheadoptionofbettertechnologies
totakeadvantageoftheproductivityimprovement. A formaldi¤erentiationofthe
equilibrium conditionyieldsanegativee¤ectonT , andanambiguouse¤ectonK ;
extensiveexperimentswiththeparametersgiveapositivee¤ectonthetechnological
delayandso, onthetechnologicalgap.
Tosummarize, inthis sectionweshowthatthemodelis suitabletoanalyzethe

useofdominatedtechnologies. Even inthis simpleframeworktheanalysis ofthe
dynamics tothesteadystate is notstraightforward: itrequires solvingequations
(20)-(22), asystem ofdi¤erential-di¤erenceequations with statedependentleads
and lags. But, restrictingthe analysis tothe steady statewe obtain thatwith
endogenous adoptioncosts thee¤ectoftechnicalprogress ontheoptimallifetime
is negative, werecovertheobsolescence e¤ectinherentin vintagecapitalgrowth
model. H owever, technicalprogresshasanegativeconsequenceonthetechnological
gap, andfastertechnicalgrowthratesleadtotheadoptionofoldertechnologies.

8 Conclusions

Inthis paperweincorporateadoptioncosts intheR amseygrowthvintagecapital
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modelwithlinearutility. T heaim ofthepaperis toanalyzetheconsequences of
adoptioncosts intechnologicalsubstitutionandinthedynamicsofthemodel. In
contrastwiththezeroadoptioncostsmodel, weobtainthat‡uctuationsvanishin
thelongrunandthattheconvergencetothesteadystateiscyclicalandshowssome
irregularpatterns. O ntheotherhand, theobsolescencee¤ectisawellknownfeature
ofcreativedestructionmodels: fastergrowthratesmakecapitalgoodslesspro…table
andinducefastermachinereplacement. W eintroduceadoptioncosts inthreerea-
sonableways and…ndthattheobsolescencee¤ectcanbeheldupwhenadoption
costs dependonthetechnicalgrowthrate. T his is an interestingresultstressing
thatdevelopingcountrieswithhigheradoptioncosts delaytechnologicalsubstitu-
tion. Finally, whenweleteconomiesadoptdominatedtechnologies, werecoverthe
obsolescencee¤ectbutweverifythattechnicalprogress increasesthetechnological
gap betweendevelopinganddevelopedcountries;inotherwords, developingcoun-
triesdealwithhigheradoptioncostsinvestinginoldertechnologieswhichrequirea
smalleradoptione¤ort.
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10 A ppendix

ProofofProposition3
Totaldi¤erentiation ofthe …xed-pointequation T¤ = F(T¤;T¤) = G (T¤), after
rearrangingtermsinthisway

1 =
1¡e¡rT¤

r
¡e¡°T¤¡e¡rT¤

r¡°
¡® e¡°T¤(1¡e¡(r¡°)D)

r¡°

yields:

@T¤

@D
=

®(r¡°)e¡(r¡°)D

°[1¡e¡(r¡°)T¤+ ®(1¡e¡(r¡°)D]
> 0

U nderassumption1, theoptimallifetimeincreasesiftheadoptioncostsrisethrough
an increase in D. Toestablish concavity, much more tedious computations are
needed. L etusde…nethefunctionQ (:;:) inthefollowingway:

Q (D;T¤) =
1¡e¡rT¤

r
¡e¡°T¤¡e¡rT¤

r¡°
¡® e¡°T¤(1¡e¡(r¡°)D

r¡°
¡1 = 0

thenifwedenotebyf(:)thefunctionalrelationbetweenT¤andD, T¤= f(D), the
necessarysecondorderderivativeshouldsatisfy

f¶¶(D) = ¡ 1
(Q 2 )3

£
Q 11Q 22 + Q 2 2 Q 2

1¡2 Q 1Q 2 Q 12
¤

with

Q 1 = ¡® e¡°T
¤
e¡(r¡°)D < 0

Q 2 =
°e¡°T¤

£
1¡e¡(r¡°)T¤+ ®(1¡e¡(r¡°)D

¤

r¡°
> 0

Q 11 = ® (r¡°)e¡°T
¤
e¡(r¡°)D > 0

Q 12 = ®°e¡°T
¤
e¡(r¡°)D > 0

Q 2 2 =
¡°2 e¡°T¤

£
1¡e¡(r¡°)T¤+ ® (1¡e¡(r¡°)D

¤

r¡°
+

°e¡°T
¤
e¡(r¡°)D
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N owobservethat

Q 2 2 Q 21¡2 Q 1Q 2 Q 12 = ® 2°e¡3°T
¤
e¡2 (r¡°)D ¤"

e¡(r¡°)T
¤
+

£
1¡e¡(r¡°)T¤ + ®(1¡e¡(r¡°)D

¤

r¡°

#
> 0

A s Q 2 2 Q 2
1 > 0 andQ 2 2 Q 21¡2 Q 1Q 2 Q 12 > 0 , wedogetf¶¶(D) < 0

Section4.ComparativeStatisticR esults
(i) D i¤erentiatingequation(8)withrespecttotheadoptioncostsgives:

@T¤

@D
=

®(r¡°)e¡(r¡°)D

°[1¡e¡(r¡°)T¤+ ®(1¡e¡(r¡°)D]
> 0

@T¤

@®
=

1¡e¡(r¡°)D
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D i¤erentiatingequation(8)withrespectto°, weobtain
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¤
is ade-

creasingfunctionofT¤andiszeroforT¤= 0 , weobtainanegativerelationbetween
thegrowthrateandthelifetimeofmachines.
(ii)W edirectlyobtainthee¤ectoftheparametersanalyzedonH ;bydi¤erentiating
equation(7 ) takingintoaccountequation(6):
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(iii) W e…rstcheckthatadoptioncosts a¤ectdetrendedoutputinanegativeway.
R eplacingH inequation(10), takingintoaccountequation(9 ), anddi¤erentiating
withrespecttoD gives:

Y =
1¡e¡°T

°(T + ®D)
(29 )
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·
(°e¡°T

¤
(T¤+ ®D)¡1 + e¡°T

¤
)
@T¤

@D
¡®(1¡e¡°T

¤
)
¸

T heresultisobviousas @T¤
@D > 0 , andthefunction£

°e¡°T¤(T¤+ ®D)¡1 + e¡°T¤
¤
takesthevalue0 forT¤= 0 anddecreasesforT¤>

0 . D i¤erentiating(26)withrespectto® weobtainthesamepositivee¤ect.
Tochecktheinverserelationbetweendetrendedoutputandtechnologicalprogress,
wede…nex = °T¤, so
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=
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and
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=
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D i¤erentiatingG withrespectto°, and x, weobtainan inverserelation inboth
cases:
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< 0
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Tocheckthenegativerelationbetweentherateoftechnicalprogressandtheoptimal

lifetime, wehavetoprovethat
@x
@°

> 0;thatis, °T¤ is increasingwithrespectto°
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@F
@T¤

@(°T¤)
@°

= T¤
@F
@T¤

¡°
@F
@°

andwehavealreadyshownthat
@F
@T¤

> 0 and
@F
@°

> 0;thus @(°T¤)
@° > 0

Section7 . ComparativeStatisticsR esults.
JacobianM atrixofthesystem [(F);(G )]´(S)

(F)
1¡e¡rT

r
¡e¡°T ¡e¡rT

r¡°
¡® e¡°T(1¡e¡(r¡°)D)

r¡°
¡1 = 0

(G )
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+
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T heJacobianM atrixofthesystem canbeexpressedby:

J = FT FK
G T G K

W herethe…rstandthesecondcolumnsofJ refertothepartialderivativesofthe
L H S of(S) respectivelyw.r.tT and K , andwhere FT ; FK ; and G T are strictly
positive, andG K is strictlynegative.
T heJacobiandeterminantd et J isthusstrictlynegative:

d et J = FTG K ¡G TFK < 0

W edenoteF® 0 , G ® 0 , FD, G D, F°, G °thepartialderivativesofSw.r.t® 0 , D; and
°, whereF® 0 , FD, andG D arestrictlynegative, F°, G °, F°, G °arestrictlypositive
andG ® 0 is equaltozero. ByCramer’sruleweobtain:
@T
@D > 0 ; @T

@® 0
> 0 ; @T@°< 0 ; @K@® 0 > 0 , andanambiguouse¤ectfor@K

@D and @K
@°

ShortR unD ynamicsofJobCreation
Inallthe…gureswesetr = 0:0 5,°= 0:0 3, andwevaryD, and® toisolatethee¤ect
ofeachoneofthem inthedynamics ofH (t). In…gures 3-5, theinitialconditions
aresupposedtobeincreasing: H 0 (t) = ae 0:0 2tfort< 0 . Incontrast, weassumed
cyclicalinitialconditions in…gures6-8;fortheprevious…gureswesetthefollowing
initialconditions,
H 0(t) = b+ 1

10T¤sin(
¼t
T¤)
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