Controlling the Significance Levels of Prediction
Error Tests for Linear Regression Models*

Leslie G. Godfrey' and Chris D. Orme?
revised, May 2000

Abstract

This paper provides evidence on problems associated with using stan-
dard tests for predictive failure when the errors of a linear regression model
are not normally distributed. The ability of a simple bootstrap procedure
to give a useful degree of control over the significance levels is examined.

1. Introduction

Tests for predictive failure are used in many applied studies involving the least
squares estimation of a linear regression model. Outcomes of such tests are of-
ten reported for cases in which the number of predictions is rather smaller than
the number of observations used to estimate the regression model. Indeed, the
number of predictions is not infrequently smaller than the number of regressors
in the estimated model. In such cases, the test of prediction errors described in
Chow’s (1960) seminal article is widely used and a modification of this test due
to Hendry (1980) is sometimes employed. However, the validity of both of these
procedures requires the normality of the error term in the regression model that,
under the null hypothesis, applies to all the data. Asymptotic analysis shows that
the tests of prediction errors proposed by Chow and Hendry are both vulnerable
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to nonnormality, even when the size of the estimation sample is large; see, for
example, Stewart and Gill (1998, pp. 82-83) for a discussion of Chow’s procedure.

In this paper, we present Monte Carlo evidence that illustrates that: (i) non-
normality can have serious effects on the rejection rates of standard prediction
error tests; and (i) using a nonparametric bootstrap can give a useful degree of
control over finite sample significance levels.

The plan of this paper is as follows. Section 2 contains details of the model, test
procedures and asymptotic analysis. The Monte Carlo experiments are described
in Section 3, and the results that they produce are discussed in Section 4. Finally,
Section 5 contains some concluding remarks.

2. The Model and Test Procedures

Let y; be a random dependent variable and z; a (k X 1) vector of strictly exogenous
variables with its first element equal to unity for all ¢. It is assumed that the
following linear regression model applies to a set of n; > k observations

Y = 7,0+ uy, (2.1)

in which (3 is a (kx 1) unknown coefficient vector. The error terms w; are indepen-
dently and identically distributed (iid) with zero mean and variance o?. Without
loss of generality, let this set of observations be for t = 1,...,n, and hereafter it
will be referred to as the estimation sample.

In addition to the estimation sample, there is a prediction sample consisting
of ny observations on (y;, z}),t =mny +1,...,n, where n = ny + ny. The estimate
of §in (2.1) derived from the estimation sample is used to predict the values of
¥, conditional upon z;, t = n; + 1,...,n. The predictive validity of the model is
assessed by checking the joint significance of the differences between actual and
predicted values of w, i.e., the prediction errors, fort =n; + 1,...,n.

It is useful, at this point, to introduce some additional notation and assump-
tions. Let X; be the (n; x k) matrix with typical row z}, t = 1,...,n;. It is
assumed that rank(X;) = k£ < n;. A matrix-vector version of (2.1) for the esti-
mation sample is

y=Xif+w (2.2)
in which y; and u; are both (n; X 1) having typical elements y; and w;, respectively,
t=1,...,n1. The coefficient vector estimator derived by Ordinary Least Squares

(OLS) estimation of (2.2) is 8, = (X! X1) "' Xu1, and the usual error variance

estimate is s? = @)1/ (ny — k), where 4y = y; — X13; is the residual vector.
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The data for the dependent variable and regressors in the prediction sample
are the elements of the (ny x 1) vector y, and (ny X k) matrix X5, respectively.
Let y = (y},7,) and X = (X!, X3)". If (2.1) applies to all observations, we can
write

y=XB+u (2.3)

with v = (w1, ug, ..., uy).
Chow proposes testing the joint significance of the prediction errors which are
the elements of (y» — X30,) using

(fblﬂ — ?lllfbl) /nz
(@) / ()’

in which & = y— X 3, the OLS residual vector obtained when all n observations are
used for estimation, with 3 = (X’X)le’y. Provided y ~ N(X8,0?%I,), P has
the F'(ny,ny — k) distribution with large values of this test statistic indicating
predictive failure. Thus, when the significance of (2.4) is assessed using right-
hand tail critical values of the F'(ng,n1 — k) distribution, the null model under
test includes the assumption that the errors u; are normally distributed.

There are alternatives to Chow’s test. Hendry (1980) has proposed a large
sample test of predictive failure that, like Chow’s procedure, requires the errors to
be normally distributed. Under normality, it is asymptotically valid (as n; — o0)
to compare sample values of

P=

(2.4)

H = <y2 _ X2Bl>/(y2 — XQﬁl) (25)

(@) / (n1 = k)
to right-hand-tail critical values of the x?(ny) distribution; see Hendry (1980,
p.222) and Kiviet (1986, Section 4).
The assumption of normality that justifies both the exact test P and the large
sample test H is convenient, but it may not provide a very good approximation
in practical situations. The effects of nonnormality therefore merit consideration.

2.1. Nonnormality and asymptotic analysis

The total sample of n observations is made up of n; observations in the estimation
sample and ny observations in the prediction sample. It is necessary to decide
what to assume about the separate behaviour of n; and n, as their sum tends to
infinity. Previous studies, in which asymptotic results are obtained for predictive



failure tests, have assumed n; — oo and ny, — 00, e.g., with ny, = mn;, 7 fixed;
see Hoffman and Pagan (1989), and West and McCracken (1998). However, in
published empirical work using estimated linear regression models, it is often the
case that ny is small relative to n; and is sometimes smaller than k. In order
to generate approximations relevant to such cases, we carry out an asymptotic
analysis in which n; — co and n, is fixed.

The following assumptions are made.

(a) The error terms u; are iid having common cumulative distribution function
(cdf), S, with zero mean, variance o2, and finite fourth moment.

(b) If the regressors are not stochastic, they satisfy the weak requirement that
z, (X X))ty is o(1) as ny — oo for all ¢. Under this assumption, Huber’s (1973)
condition for the asymptotic validity of standard OLS inference is met for both Bl
and 3. Moreover, this requirement, combined with the Cauchy-Swartz inequality,
implies the asymptotic irrelevance of estimation effects that justifies Hendry’s
(1980) test H.

(c) If the regressors are stochastic, the required primitive conditions usually
vary from one setting to another, e.g. cross-section or time series, but the following
conditions are assumed to hold: (X]X;) 'Xju; and (X'X)"'X'u are o,(1) as
ny — 00, as is x,(X]X;) 'z, for all t. Given these assumptions, Bl and [ are
both consistent for 3 whilst s? is consistent for 0%, when n; — oo with n, fixed.
White (1980) provides assumptions that ensure the consistency of OLS in a class
of models relevant to cross-section analysis. For models estimated using time
series data, the various sets of regularity conditions provided by Hamilton (1994,
Chapter 8) may be of interest. If the linear regression equation being used is an
autoregressive distributed lag model involving integrated variables, the regularity
conditions and results of Pesaran and Shin (1999) can be employed.

Under the null hypothesis of model constancy and our assumptions, it is clear
that Chow’s prediction error test statistic P of (2.4) is asymptotically equivalent
to .
Ug U2

P =

ey (2.6)
where ug = yo — X2, when ny — 0o and ny is fixed. Equation (2.6) implies that
the conventional Chow test statistic P is, under the assumptions of this paper,
asymptotically equivalent to the average squared value of the last ny elements
of the standardized vector v = o~ 1u. If the assumption of normality is added to
(2.3), the asymptotic distribution of P is x? (ny) /ny; where x? (q) denotes a chi-
squared distribution with ¢ degrees of freedom. It is straightforward to show that



Hendry’s (1980) statistic H of (2.5) is asymptotically equivalent to ny P* and so,
under normality and model stability, it is asymptotically distributed as x? (n) .

The assumption of normality is crucial here since P* is not proportional to a
X?(ny) random variable when the errors are not normally distributed. Thus, in
practice, the case of nonnormal regression errors renders the asymptotic distribu-
tions of H and P unknown. These test statistics are not asymptotically pivotal
in the sense of Beran (1988) because, although invariant to 3 and o?, their large
sample distributions, under the null hypothesis that (2.1) holds for all observa-
tions, are determined by the distribution of ujus which depends upon the cdf 3.
This dependence has implications for simulation-based methods for determining
critical values which are discussed in the next sub-section.

Equation (2.6) is valid under the null hypothesis. The corresponding equation
derived under the fixed alternative

v = 2,8+ &+ uy, uy iid(0,0°), t=ny +1,...,n, (2.7)

in which &, # 0 for some ¢, may serve to provide some indication of the power of
the tests. Under such alternatives, (2.6) must be replaced by

pr (w2t )

Noo2

)

in which ¢ is the (ny X 1) vector with typical element &, .., t =1,...,ny. As with
P*, the distribution of P is unknown when the error distribution is unspecified.

2.2. Simulation-based tests

If the (nonnormal) error distribution were known, it would be possible to use the
parametric bootstrap. More precisely, given knowledge of the true error distribu-
tion, many artificial samples could be generated, conditional upon the observed
regressor values. The values of the prediction error test statistic (H or P) calcu-
lated from these artificial samples could then be used to estimate finite sample
critical values or p-values. The parametric bootstrap tests are akin to the Monte
Carlo type tests of Dufour and Kiviet (1997, 1998). However, in contrast to the
types of situation considered by Dufour and Kiviet in which the wrong choice
of the cdf < does not imply asymptotically invalid tests, Monte Carlo tests and
parametric bootstrap tests suffer from a major drawback when applied to the
prediction error test statistics H and P.



As noted above, the distributions of H and P, under the null hypothesis, de-
pend upon the cdf S for fixed ny even when n; — oco. Hence, an incorrect choice
of & for either the parametric bootstrap or a Monte Carlo-type test will lead to
invalid inferences for fixed n,. It seems unlikely that applied workers will have
access to very accurate information about the general form of the error distribu-
tion, let alone have perfect knowledge. The parametric bootstrap is, therefore,
unlikely to provide a reliable tool for assessing the significance of observed values
of the prediction error test statistics H and P.

The nonparametric bootstrap, in which randomly selected residuals from OLS
estimation of the null model are used to generate artificial samples, does not
require specification of the error distribution. Furthermore, the nonparametric
bootstrap provides a basis for valid inferences when n; — 0o and n, is fixed, even
though H of (2.5) and P of (2.4) are not asymptotically pivotal; see Beran (1988,
Section 3).

If the regressors of (2.3) are strictly exogenous, the nonparametric bootstrap
can be implemented by generating artificial observations using

yr=aB4+ul, t=1,...,n (2.8)

in which the bootstrap errors (uj, u3, ..., u;) are a simple random sample drawn
with replacement from the empirical distribution of the observed residuals; i.e.,
from

- 1
S @ probability — on i, t=1,...,n. (2.9)
n

The use of B, the OLS estimator derived under the imposition of the null hypoth-
esis, and the associated empirical distribution function (edf), S, as estimators of
B and < satisfies Beran’s (1988) conditions for the bootstrap test to have an error
in rejection probability that tends to zero as n; — oo.

If the regressors include lagged values of the dependent variable, as well as
strictly exogenous variables, (2.8) is inappropriate; see Li and Maddala (1996) for
a recent review of bootstrapping time series models, including regression equations
with an autoregressive component. Suppose that (2.1) is generalized to allow for
the inclusion of the first p lags of 1; in the regressors, so that

Yt = OrYi—1 + PoYi—2 + .. + QpY—p + T10 + ws.

Standard regularity conditions require that the roots of (1 — ¢z — ¢y22 — ... —
$,2") = 0 are outside the unit circle and it assumed that the OLS estimates ¢;
are consistent with these restrictions. Equation (2.8) is then replaced by
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y;tk = ¢1y2k71 + ¢2y:72 T+t ¢py::p + x;&B_F u;tk7 = 17 Nz

where the bootstrap sample starting values are set equal to the actual estimation
sample starting values; see Li and Maddala (1996, Section 2.3). The u;} are, as in
the static case, generated using (2.9).

It is worth noting that the use of the terms y,_; has implications for the
standard Chow test applied to models with normal errors. If the regressors were
all strictly exogenous and the errors u; were independent N(0,c?) variables, a
critical value from the relevant F' distribution would be more appropriate than
the corresponding bootstrap estimate. (In this special case, the former involves
no error while the latter has an error that is o(1).) However, when the regressors
include lagged values of the dependent variable, the F test is only asymptotically
valid under normality and so, like the bootstrap test, has an error in rejection
probability that is o(1).

The bootstrap is not the only method available for controlling the significance
levels of prediction error tests in the presence of nonnormal disturbances. Du-
four, Ghysels and Hall (1994) consider predictive tests in the context of nonlinear
dynamic simultaneous equation models. Their results can be specialized to the
case of the linear regression model. They examine two approaches: the use of
Markov inequalities to give bounds on desired rejection probabilities; and the use
of semi-nonparametric (SNP) methods to model the error distribution so that an
estimated error distribution can be employed to calculate rejection rates.

The Markov inequality approach, like the nonparametric bootstrap, is appli-
cable in quite general situations and involves the generation of artificial samples.
The resampling is done to estimate the expected value of the test statistic under
the null hypothesis; this estimate being needed for the calculation of the Markov
upper bound. However, the Markov procedure does not offer the same kind of
control over the significance level as the nonparametric bootstrap. The difference
between the estimated Markov bound and the true rejection probability is O(1)
(so it is not asymptotically negligible) and can be large relative to the latter.
For example, if W has the x?(2) distribution, so that E(W) = 2, the Markov
inequality gives

2
prob(W > 6) < 5
i.e., a bound of about 0.33, when the true probability is slightly less than 0.05.
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The SNP approach overcomes the problem of producing only conservative
probability statements, even asymptotically. Dufour et al. (1994, Section 5)
discuss estimating the distribution of the error term using SNP approximations.
A practical problem is that a probability density function (pdf) must be specified
as a lead term and, as acknowledged by Dufour et al., the choice of this term
may be influential on the outcome of the test. Sensitivity analyses could be
carried out to examine the effects of different choices for the lead term, but this
task would involve a substantial computational burden. As will be seen below,
the nonparametric bootstrap can work quite well and does not need any choices
about lead term pdf’s to be made.

3. Monte Carlo Design

Results are obtained from two sets of experiments. For each set of experiments,
we use all six combinations of (n,ny) from n = 50, 80,100 and ny = 3,6.

3.1. Set 1: static data generation processes

The regression model used in the first set of experiments is

6
Yt = Zﬂ?mﬂj + uy, (3.1)
j=1

in which: x;; = 1; x42 is drawn from a uniform distribution with parameters 1 and
31; x43 is drawn from a log-normal distribution with In(z3) ~ N(3,1). Unlike x4
and x;3, the remaining regressors are serially correlated with

Ty = 091414+ vy,
s = 06w 15+ v,
e = 031416+ Use,

with v, being independently normally distributed, such that E[z;] = 0 and
var|x,] = 1, for s = 4,5,6.1 This group of regressors includes as special cases the
types of regressors used in several earlier Monte Carlo studies of tests, e.g. for
heteroskedasticity. It allows for serially correlated regressors and nonnormality of
the regressors.

LAll pseudo-random numbers are obtained using routines from the NAG library.
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All regression coefficients 3, are set equal to zero. This involves no loss of
generality, since Breusch’s (1980) invariance results imply that the same results
would be obtained whatever the values of the coefficients 3;. The error terms, u,,
of (3.1) are #id (0,1) in all experiments.? Since sensitivity to nonnormality is of
considerable practical interest, the disturbances u; are obtained by standardizing
pseudo-random variables drawn from several distributions. These disturbance
distributions are: normal, denoted NN; Student’s ¢ with 5 degrees of freedom, ts;
uniform, over the unit interval, U; chi-square with 2 degrees of freedom, x? (2);
and, log-normal, A.

3.2. Set 2: dynamic data generation processes

The classical assumption that regressors are either fixed in repeated sampling
or strictly exogenous is inappropriate in the many applied articles based upon
models that include lagged values of the dependent variable in the regressor set.
Moreover, in recent years, emphasis has been placed upon the possibility that
the dependent variable and some regressors are unit root processes. In order to
examine the performance of the conventional and nonparametric bootstrap tests
under these two departures from classical assumptions, a second set of experiments
is carried out using a dynamic data generation process employed by Giersbergen
and Kiviet (1996) .

The autoregressive-distributed lag (ADL) model differs from that of Giersber-
gen and Kiviet (1996) only in that we allow for nonnormality of errors. The ADL
is, therefore, written as

Yr = 01911 + 0220 + 032021 + O + ws (3-2)

in which the u, are iid (0,0?), % is integrated of order one and |0;| < 1; so that
y; and z; are cointegrated CI(1,1). The marginal model for z; is given by

Az = Ay 1 + yAz1 + 1y, (3.3)

in which the terms 7, are independently and normally distributed with zero mean
and variance 0727, and 7, and u, are independent for all ¢ and s. Nonzero values of
7 in (3.3) imply that z; is predetermined, but not strictly exogenous.

The choice of parameters for the experiments follows Giersbergen and Kiviet
very closely; see Giersbergen and Kiviet (1996, Appendix) for a discussion of

?The restriction that varfu;] = 1 causes no loss of generality since the results are invariant
with respect to the value of the common variance, under the null hypothesis.
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computational details. The coefficients of (3.2) are selected to be similar to those
found in empirical studies of the consumption function with

(61, 05,03) = (0.8,0.5,—0.3),

and, without loss of generality, §; = 0.0. The variance parameter o? is specified
so that the error correction model corresponding to (3.2) has a population R?
equal to 0.8, which again is similar to values found in practical situations. We use
(0.0,0.8) and (—0.4,0.4) for (m,~) in (3.3); see Giersbergen and Kiviet (1996, p.
641, Table 1) for the implied roots of the dynamic process. The variance of the
error term of (3.3) is, without loss of generality, set equal to 1. The errors u; are
drawn from the five distributions used for static data generation processes. Given
a choice of coefficients and error distribution, starting values of y and z are set
equal to zero and then “observed data” are generated for ¢t = —49,...,0,1,...,n.
The first 49 observations are discarded to reduce the impact of the fixed initial
conditions. The values 1y and z, are regarded as start-up values for the sequence
{(y, z¢);t =1,....,n}.

When 7 = 0 in (3.3), the sequence {z;} can be treated as fixed over bootstraps
and the bootstrap samples are obtained using

y;“ :513/:71+522t+§32t71 +§4+Ufa t=1,...,n (3-4)

in which: 45 = yo; (01,0,03,0,) is the vector of OLS estimates for (3.2) based
upon using all n observations; and the bootstrap errors (u},uj,...,u’) are a
simple random sample drawn with replacement from the empirical distribution of

the corresponding residuals; i.e., from
X a1 -
S : probability — on 1, t=1,...,n. (3.5)
n

The OLS estimators, éj, derived under the null hypothesis are consistent, as re-
quired for Beran’s (1988) results to be applicable. The results of Sims, Stock and
Watson (1990) imply that the slope estimators are not only consistent but also
have conventional asymptotic marginal distributions with \/ﬁ(@ — ;) converging
to a normal distribution with zero mean and finite variance, for j = 1,2, 3.

It might be thought important to simulate {y, z:}, using (3.2) and (3.3) with
estimated coefficients as a system, to mimic data generation processes in which
7 of (3.3) is not zero. However, like Giersbergen and Kiviet (1996), we find that
this approach yields results that are very similar to those for the simple scheme of
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(3.4) and (3.5) in which the sequence {z;} is not varied over bootstrap samples.
All results reported below are for the simple scheme.

3.3. Estimation of critical values and rejection probabilities

The performance of the predictive failure tests is considered using 5000 replica-
tions of sample data generated using either (3.1) or (3.2), and various methods of
approximating the critical values for nominal significance levels of 5% and 10%.
First, the F'(ng,n1 — k) (resp. x* (n2)) distribution is used to obtain critical val-
ues of the Chow (resp. Hendry) test, which is appropriate only if the disturbances
are normally distributed. Second, the approximate critical values are derived from
the non-parametric bootstrap (npbs). Finally, four parametric bootstrap meth-
ods are employed to obtain critical values. The distributions used are t5, U, x? (2)
and A, as used to generate the sample data. Note that this method will yield
appropriate critical values only if the choice of distribution used in the bootstrap
procedure matches that of the disturbances in the data generation process, in
which case there should be very close agreement between desired and actual sig-
nificance levels. In both the parametric and non-parametric bootstrap procedures,
500 bootstrap samples are generated in order to estimate the true critical values.

Before discussing the results that are obtained from the experiments, it is
useful to examine what guidance is available from asymptotic theory to assist un-
derstanding and interpreting such results. The asymptotic rejection rates of the
conventional H and P tests are the rejection probabilities of P* of (2.6), based on
the assumption that P* is distributed as x*(ng)/ny. Therefore knowledge of the
true distribution of P* can be used to predict the possible behaviour of H and P,
under non-normality. In certain special cases this distribution can be obtained an-
alytically. For example, consider the simple case where uy is uniformly distributed
with zero mean and ny = 1. Here, uy/0 has distribution function F'(c) = %,

—V/3 < ¢ < /3, from which it follows that Pr(P* >d) = 1 — \/é, 0<d<3.

Incorrectly assuming that P* is x?(1) would yield actual asymptotic significance
levels of 5%, 0% and 0% at the nominal 10%, 5% and 1% levels, respectively;
i.e., Pr(P* > 2.706) = 0.05, Pr(P* > 3.841) = 0, Pr (P* > 5.024) = 0. Since H
and P are both asymptotically equivalent to P* when n, = 1, asymptotic theory
suggests that, in this special case, conventional tests will be undersized when the
errors are uniformly distributed.

More general combinations of n, and the error distribution are not tractable
as far as exact results are concerned, but very accurate estimates of the rejec-
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tion probabilities of P* can be obtained by simulation for any given combination.
This strategy was adopted in an attempt to use asymptotic theory to assist in
the interpretation of Monte Carlo results. Table 1 contains estimates of the rejec-
tion probabilities of P* based upon one million replications for each combination
of nominal significance level, n,, and nonnormal error distribution used in the
experiments.

Table 1: Estimated rejection probabilities of P*

(a) Nominal significance level is 5%
distribution is: ts U X2 A

ng =3 6.92 0.15 8.34 6.69

ng = 6 8.32 0.25 10.61 9.10

(b) Nominal significance level is 10%
distribution is: ts U X2 A
Nng = 3 10.54 2.51 11.09 8.22
no=6 12.03 226 13.76  10.80

These results suggest that P and H will both be over-sized under 5, x*(2) and
A errors, with the distortion increasing as my increases from 3 to 6. On the other
hand, the prediction is that these tests will be severely undersized, asymptotically,
when the regression errors are uniformly distributed, which is consistent with the
analytical result obtained above.

4. Monte Carlo Results

In this section, we examine in detail the reliability in finite samples of the various
critical values relative to a desired nominal 5% significance level in the context
of both the static and dynamic model.?> Rather than presenting tables containing
many estimates, we use figures to convey the main features pictorially and also
report tests of hypotheses that restrict true rejection rates to be in an interval

3Results for the 10% level are not discussed in detail since they reveal similar features.
However, a full set of the Monte Carlo results is available upon request.
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centred on the nominal size. This sort of hypothesis seems more relevant from
a practical point of view than the null hypothesis that the actual size equals
the nominal size. With a large number of replications, differences of little real
importance between actual and nominal size could lead to rejection of the latter
type of null hypothesis with high probability.

Figures 1-5 plot the estimated significance levels of four variants of the pre-
diction error test against the six possible pairs of (n,ng), from n = ny + ny =
50,80,100 and ny = 3,6, for each of the five error distributions in the static
model (3.1) as described in Section 3.1. The four tests are: the Chow statistic
using either npbs or F(ny,n; — k) critical values (denoted Chow-npbs and Chow,
respectively); and Hendry’s variant using either npbs or x%(ny) critical values
(denoted Hendry-npbs and Hendry, respectively). Figures 6-11 illustrate the cor-
responding rejection rates for the ADL model (3.2) of Section 3.2 with 7 = 0 and
~v=0.81in (3.3).

In order to check if the evidence is consistent with the claim that the actual
and true sizes differ by at most some specified amount, e.g. 0.5%, we proceed as
follows. Let the hypothesis to be tested be that the true rejection rate r* satisfies
H, :r < r* <ry where: 0 < r; <71y <1, with 7 — 72 being O(1), not o(1);
and r; +ry = 2a, where « is the desired size. Let the required asymptotic (as the
number of Monte Carlo replications, R, tends to infinity) significance level of the
test of H, be s and ¢* be such that prob(N(0,1) < —c*) = 5. We use » = 5% in
all such tests so that the corresponding value of ¢* is 1.645. Asymptotically valid
inferences are made by rejecting H, if the estimated size of the prediction error
test falls outside the interval

1— 1—
ry — 1.645 /“(—R“), o+ 1.645 T’Q(—R”),

as R — 0co. We have R = 5000 in all of our experiments.* Thus, for example,
with o = 5%, r; = 4.5% and ry = 5.5%, H, restricts the true size to be within
0.5% of the desired size of 5% and the acceptance range is 4.02% to 6.03%.

The Figures used to summarize the estimates also summarize the outcomes
of tests of H,. In each Figure, if an estimate lies within the outer pair of dashed
horizontal lines, it is consistent with the claim that the true significance level is
within 1% of the nominal value; this will be referred to as satisfactory agreement

4With 5000 replications, it seems reasonable to treat the estimated significance levels as
normal variables. Also the significance levels of the test with R = 5000 are likely to be very
closely approximated by those approached as R — oo.
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between estimated and desired significance levels. If an estimate lies within the
inner pair of dashed lines, it is consistent with the claim that the true significance
level is within 0.5% of the nominal value and this shall be referred to as good
agreement between estimated and desired significance levels.

In the case of the static model (3.1), the main features of the evidence con-
cerning the behaviour of the Chow and Hendry tests, with the various critical
values, are as follows.

(a)

With normally distributed regression errors the Chow test, which uses crit-
ical values from F(ng,ni — k), is exact and this is reflected in the close
agreement between estimated and desired significance levels, for all n, and
n. The Hendry variant which employs critical values from x?(ny) is only
asymptotically valid, since it ignores asymptotically negligible estimation
effects, and can exhibit quite poor sampling behaviour; e.g., for n = 50,
the estimated significance levels are 9.48% and 10.40% for n, = 3 and 6,
respectively, whilst the corresponding estimates for the Chow test are 4.62%
and 4.84%), respectively. Kiviet (1986), using a dynamic regression model
for stationary data, also obtains Monte Carlo evidence that Hendry’s test is
oversized.

When the regression errors are not normally distributed the standard prac-
tice of using F' critical values with the Chow statistic, or x? critical values
with Hendry’s statistic, often leads to substantial differences between esti-
mated and desired significance levels; see Figures 2-5. In particular, the tests
are consistently oversized under t5, x*(2) and A errors with the overrejec-
tion being larger when ns = 6. The size distortions can be seen for all three
sample sizes and are especially marked for Hendry’s variant. For example,
with x?(2) errors and (n = 50,ny = 3), the estimated significance level for
the Hendry variant is 11.46% whilst for the Chow variant it is 8.22%. These
results are consistent with the analysis of Section 3.3 and Kiviet’s (1986)
evidence on the finite sample impact of neglected estimation effects. When
the errors are uniformly distributed, the tests are consistently undersized,
as the asymptotic analysis of Section 3.3 suggested they would be, except
for the H test when n = 50 where asymptotic theory appears not to provide
a reasonable guide to finite sample behaviour. However, it was noted in
(a) that neglect of estimation effects renders Hendry’s test oversized and,
since the rejection rates do indeed fall below well below 5% for n = 80 and
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n = 100, it therefore seems likely that this effect can dominate the effect of
uniform errors in finite samples.

(¢) The nonparametric bootstrap enjoys considerable success in controlling the
significance levels when either the Chow or Hendry statistic is applied to
models with nonnormal errors. Indeed, the estimated significance levels for
both variants of the test, using this technique, are remarkably similar across
all cases and so the following conclusions apply to both tests. Very good
results are obtained when ny = 3 with most estimates being consistent with
the claim that the true significance level is within 0.5% of the nominal value,
and all being consistent with the claim that the former is within 1% of the
latter. There is also strong evidence in favour of the nonparametric boot-
strap when ny, = 6 and the error distribution is symmetric (whether normal
or not). Unfortunately, with n, = 6 and either the x*(2) or log-normal
distributions supplying the regression errors, the nonparametric bootstrap
leads to oversized tests, although the degree of over-rejection decreases as
n increases. Moreover, in these cases, the use of the conventional critical
values leads to a rather higher degree of overrejection than the use of non-
parametric bootstrap critical values.

(d) The message from the estimates using parametric bootstraps is very clear
and full details are not reported here. Perfect knowledge of the error dis-
tribution leads to excellent agreement between estimated and desired sig-
nificance levels, as one might expect. All estimates, for both the Chow and
Hendry test, with correct matching of assumed and actual error distribution
are consistent with the claim that the true significance level is within 0.5%
of the nominal value. However, perfectly accurate information about the
error distribution is most unlikely. Incorrect matching involving the use of
an inappropriate parametric bootstrap frequently provides evidence of sub-
stantial differences between estimated and nominal significance levels. For
example, with n = 50 and n, = 3 and uniform errors, the estimated signifi-
cance levels for the three versions of the Chow test which use t5, x?(2) and A
parametric bootstrap critical values are 0.58%, 0.2%, and 0.0% respectively.
Thus, as argued above, since information about the error distribution is only
vague, the parametric bootstrap is not a reliable method.

The qualitative nature of the remarks made in (a)-(d), above, also apply to
the ADL model (3.2) of Section 3.2 with 7 = 0 and v = 0.8 in (3.3), although
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the Hendry variant of the test used in conjunction with the standard x?(n,)
critical values performs slightly worse than in the static model. The Chow test
with F'(ny,ny — k) critical values still produces excellent estimated significance
levels when the regression errors are normally distributed (despite now being only
asymptotically valid). When the errors are non-normal, the performance of both
these procedures is, in general, extremely poor. The non-parametric bootstrap
works well, except for ny = 6 and asymmetric errors where the distortions obtained
are qualitatively similar to those found in the static model. Finally, and as revealed
for the static model, the parametric bootstrap can only be relied upon when
there is perfect knowledge of the error distribution. Therefore the non-parametric
bootstrap emerges as extremely effective at controlling the significance level of
both the Chow and Hendry forms of the prediction error test, in the ADL model,
with the rejection rates for both of these variants being remarkably similar across
all experiments.

The non-parametric bootstrap employed in the ADL model assumed a strictly
exogenous z; process with (3.4) being used for resampling. If z; were only prede-
termined, then this approach might cause finite sample problems, since, strictly
speaking, joint simulation of the conditional and marginal models would be re-
quired to mimic the true data generation process. On the other hand, incorrect
specification of the marginal model for z; when using the non-parametric bootstrap
with joint simulation could have far more serious consequences. In their study,
Giersbergen and Kiviet (1996) conclude that “...finite sample distortions do not
depend heavily on the presence or absence of a feedback mechanism ... The benefits
of taking the full system into account are moderate and sometimes counter produc-
tive”. This conclusion, although suggestive, was in a rather different inferential
context. Thus, as a partial check on the efficacy of the proposed non-parametric
bootstrap procedure based on (3.4), some experiments were performed in which
m = —0.4 and v = 0.4; so that z; was only predetermined. The results were al-
most indistinguishable from the case of strictly exogenous z;, and, like Giersbergen
and Kiviet, we conclude in this case that “Bootstrap inference turns out be quite
accurate, even if the feedback mechanism is ignored in the resampling scheme.”

In the results for the static model discussed thus far, k is 6 and n, is either 3
or 6, so that ny, < k. This is the inequality that defines situations in which Chow
recommended the use of his prediction error test. If ny, > k, Chow’s other test
(involving full sample and separate subsample estimations of the model) can be
applied; see, e.g., Greene (1997, pp. 349-351) for details. However, the applied
literature contains several examples of the prediction error test being used when
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ny > k, e.g., Otto (1994) reports results with n, = 20,40 and k& = 6. In order to
investigate the usefulness of the nonparametric bootstrap when ny > k, ny = 12
is used with the static model experimental design of Section 3.2. The qualitative
features of the results obtained are similar to those for ny, = 6. Agreement between
estimated and nominal significance levels is good with symmetrically distributed
regression errors. For example, the Chow test employing the nonparametric boot-
strap produces oversized tests with the asymmetric error distributions considered,
but when it gives a bad outcome the conventional F' critical value gives a much
worse one. For example, with log-normal disturbances, a nominal size of 5%,
n, = 88 and ny = 12, the estimate from the nonparametric bootstrap is 7.84%
and that from the F critical value is 16.34%. For consistently good performance
of the nonparametric bootstrap over all error distributions considered, a value of
n greater than 100 is required. This implies that applied workers wishing to carry
out predictive failure tests with values of n, between 10 and 20 may, therefore,
require access to moderately large estimation samples.

Since the finite sample size results presented in this paper suggest that the
nonparametric bootstrap can perform better when the error distribution is sym-
metric, applied workers might place more confidence in prediction error tests us-
ing nonparametric bootstrap critical values if there were also evidence supporting
symmetry of the error distribution. An asymptotically valid test of symmetry of
nonnormal regression disturbances is described by Godfrey and Orme (1991).

Finally in this section, given the similarity and good size properties of the
Chow and Hendry non-parametric bootstrap tests, it is appropriate to investi-
gate their relative power. Experiments were carried out for both the static and
dynamic model using the data generation process (2.7), incorporating all 5 error
distributions and where for each model a common value &, = £" was chosen so
as to give an interesting range of power estimates. More precisely, values of £*
were chosen so that these estimates were in the range 40% — 70% for different
combinations of n and ny, under normal regression errors. Over all the distribu-
tions considered, the range of power estimates obtained was 28% — 90%. These
experiments revealed Hendry’s variant to be slightly more powerful than the Chow
form in every case (although the differences are not large) and, as expected, power
increases with n,.
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5. Conclusions

The finite sample significance levels of the prediction error test proposed by Chow
(1960) and of a modification of Chow’s test proposed by Hendry (1980) have been
discussed. In the static linear regression model, Chow’s test is exact when the hy-
pothesis of primary interest, i.e., the predictive validity of the model, is combined
with the assumption that the regression errors are normally distributed. Normal-
ity is also required for Chow’s test to be asymptotically valid when the regressors
include lagged dependent variables and for Hendry’s variant to be asymptotically
valid in either static or dynamic regression models. However, there seems to be
little reason, in general, to suppose that normality is an accurate assumption.
When the distribution of the regression errors is not normal, not even asymptotic
theory can be used to justify the standard Chow or Hendry test procedures.

The Monte Carlo evidence presented in this paper reveals that, when the
errors are normal, asymptotic theory does provide a reasonable guide to the finite
sample behaviour of the Chow test procedure in dynamic regression models. This
is not so for Hendry’s test for which there is evidence of overrejection in both the
static and dynamic regressor case with normal errors. This evidence is consistent
with the findings of Kiviet (1996). Consequently, if the errors were known to be
normal, it would seem reasonable to regard Chow’s test as reliable (in terms of
size) but not Hendry’s procedure. However, when the restrictive assumption of
normality is relaxed, the Monte Carlo results indicate that neither of the standard
tests can be assumed to have finite sample significance levels that are close to
the required values. As an alternative to relying upon critical values derived
assuming normal errors, simple non-parametric bootstrap methods are described
which appear to give useful control of the significance levels of prediction error
tests without requiring precise information about the error distribution.?

The Monte Carlo results on the agreement between the nominal and estimated
significance levels associated with the nonparametric bootstrap reported in section
4 above are very encouraging. Moreover, use of the nonparametric bootstrap
scheme yields a remarkable similarity between the behaviour of the Chow and
Hendry tests. Given their similar good size properties, a Monte Carlo investigation
of their relative power was undertaken and this shows Hendry’s variant to be the
slightly more powerful, although the differences are not large.

"With n; fixed as n — oo, the application of the methods of Dufour and Kiviet (1996) for
dynamic models to prediction error tests requires correct knowledge of the error distribution.
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Figures 1-10

All the following diagrams depict the size estimates (rejection rates), in per-
centages, of the Chow and Hendry forms of the predictive failure test statistics as
defined in the main text.
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Figure 7: ADL Model - Student t errors
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