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Devwudfw

Wklv sdshu surylghv hylghqfh rq sureohpv dvvrfldwhg zlwk xvlqj vwdq0

gdug whvwv iru suhglfwlyh idloxuh zkhq wkh huuruv ri d olqhdu uhjuhvvlrq prgho
duh qrw qrupdoo| glvwulexwhg1 Wkh delolw| ri d vlpsoh errwvwuds surfhgxuh
wr jlyh d xvhixo ghjuhh ri frqwuro ryhu wkh vljql�fdqfh ohyhov lv h{dplqhg1

41 Lqwurgxfwlrq

Whvwv iru suhglfwlyh idloxuh duh xvhg lq pdq| dssolhg vwxglhv lqyroylqj wkh ohdvw
vtxduhv hvwlpdwlrq ri d olqhdu uhjuhvvlrq prgho1 Rxwfrphv ri vxfk whvwv duh ri0
whq uhsruwhg iru fdvhv lq zklfk wkh qxpehu ri suhglfwlrqv lv udwkhu vpdoohu wkdq
wkh qxpehu ri revhuydwlrqv xvhg wr hvwlpdwh wkh uhjuhvvlrq prgho1 Lqghhg/ wkh
qxpehu ri suhglfwlrqv lv qrw lqiuhtxhqwo| vpdoohu wkdq wkh qxpehu ri uhjuhvvruv
lq wkh hvwlpdwhg prgho1 Lq vxfk fdvhv/ wkh whvw ri suhglfwlrq huuruv ghvfulehg lq
Fkrz*v +4<93, vhplqdo duwlfoh lv zlgho| xvhg dqg d prgl�fdwlrq ri wklv whvw gxh
wr Khqgu| +4<;3, lv vrphwlphv hpsor|hg1 Krzhyhu/ wkh ydolglw| ri erwk ri wkhvh
surfhgxuhv uhtxluhv wkh qrupdolw| ri wkh huuru whup lq wkh uhjuhvvlrq prgho wkdw/
xqghu wkh qxoo k|srwkhvlv/ dssolhv wr doo wkh gdwd1 Dv|pswrwlf dqdo|vlv vkrzv wkdw
wkh whvwv ri suhglfwlrq huuruv sursrvhg e| Fkrz dqg Khqgu| duh erwk yxoqhudeoh

�Zh duh judwhixo wr Ndulp Dedglu/ Plnh Yhdoo/ wzr uhihuhhv dqg Ulfkdug Vplwk iru wkhlu
frqvwuxfwlyh frpphqwv1

|Ghsduwphqw ri Hfrqrplfv dqg Uhodwhg Vwxglhv/ Xqlyhuvlw| ri \run/ \R43 8GG/ Xqlwhg
Nlqjgrp1

}Vfkrro ri Hfrqrplf Vwxglhv/ Xqlyhuvlw| ri Pdqfkhvwhu/ P46 <SO/ Xqlwhg Nlqjgrp1



wr qrqqrupdolw|/ hyhq zkhq wkh vl}h ri wkh hvwlpdwlrq vdpsoh lv odujh> vhh/ iru
h{dpsoh/ Vwhzduw dqg Jloo +4<<;/ ss1 ;50;6, iru d glvfxvvlrq ri Fkrz*v surfhgxuh1

Lq wklv sdshu/ zh suhvhqw Prqwh Fduor hylghqfh wkdw looxvwudwhv wkdw= +l, qrq0
qrupdolw| fdq kdyh vhulrxv h�hfwv rq wkh uhmhfwlrq udwhv ri vwdqgdug suhglfwlrq
huuru whvwv> dqg +ll, xvlqj d qrqsdudphwulf errwvwuds fdq jlyh d xvhixo ghjuhh ri
frqwuro ryhu �qlwh vdpsoh vljql�fdqfh ohyhov1

Wkh sodq ri wklv sdshu lv dv iroorzv1 Vhfwlrq 5 frqwdlqv ghwdlov ri wkh prgho/ whvw
surfhgxuhv dqg dv|pswrwlf dqdo|vlv1 Wkh Prqwh Fduor h{shulphqwv duh ghvfulehg
lq Vhfwlrq 6/ dqg wkh uhvxowv wkdw wkh| surgxfh duh glvfxvvhg lq Vhfwlrq 71 Ilqdoo|/
Vhfwlrq 8 frqwdlqv vrph frqfoxglqj uhpdunv1

51 Wkh Prgho dqg Whvw Surfhgxuhv

Ohw +| eh d udqgrp ghshqghqw yduldeoh dqg %| d E&� �� yhfwru ri vwulfwo| h{rjhqrxv
yduldeohv zlwk lwv �uvw hohphqw htxdo wr xqlw| iru doo |� Lw lv dvvxphg wkdw wkh
iroorzlqj olqhdu uhjuhvvlrq prgho dssolhv wr d vhw ri ?� : & revhuydwlrqv

+| ' %�|q n �|c +514,

lq zklfk q lv d E&��� xqnqrzq frh!flhqw yhfwru1 Wkh huuru whupv �| duh lqghshq0
ghqwo| dqg lghqwlfdoo| glvwulexwhg +llg, zlwk }hur phdq dqg yduldqfh j21 Zlwkrxw
orvv ri jhqhudolw|/ ohw wklv vhw ri revhuydwlrqv eh iru | ' �c � � � c ?�c dqg khuhdiwhu lw
zloo eh uhihuuhg wr dv wkh hvwlpdwlrq vdpsoh1

Lq dgglwlrq wr wkh hvwlpdwlrq vdpsoh/ wkhuh lv d suhglfwlrq vdpsoh frqvlvwlqj
ri ?2 revhuydwlrqv rq E+|c %

�
|� c | ' ?� n �c � � � c ?c zkhuh ? ' ?� n ?2� Wkh hvwlpdwh

ri q lq E2��� ghulyhg iurp wkh hvwlpdwlrq vdpsoh lv xvhg wr suhglfw wkh ydoxhv ri
+|c frqglwlrqdo xsrq %| c | ' ?� n �c � � � c ?� Wkh suhglfwlyh ydolglw| ri wkh prgho lv
dvvhvvhg e| fkhfnlqj wkh mrlqw vljql�fdqfh ri wkh gl�huhqfhv ehwzhhq dfwxdo dqg
suhglfwhg ydoxhv ri +|c l1h1/ wkh suhglfwlrq huuruv/ iru | ' ?� n �c � � � c ?�

Lw lv xvhixo/ dw wklv srlqw/ wr lqwurgxfh vrph dgglwlrqdo qrwdwlrq dqg dvvxps0
wlrqv1 Ohw f� eh wkh E?� � &� pdwul{ zlwk w|slfdo urz %�|c | ' �c � � � c ?�� Lw lv
dvvxphg wkdw udqnEf�� ' & 	 ?�1 D pdwul{0yhfwru yhuvlrq ri E2��� iru wkh hvwl0
pdwlrq vdpsoh lv

+� ' f�q n �� +515,

lq zklfk +� dqg �� duh erwk E?���� kdylqj w|slfdo hohphqwv +| dqg �|c uhvshfwlyho|/
| ' �c � � � c ?�� Wkh frh!flhqw yhfwru hvwlpdwru ghulyhg e| Ruglqdu| Ohdvw Vtxduhv
+ROV, hvwlpdwlrq ri E2�2� lv 	q� ' Ef�

�f��
3�f �

�+�c dqg wkh xvxdo huuru yduldqfh
hvwlpdwh lv r2� ' 	���	��* E?� � &� c zkhuh 	�� ' +� �f�

	q� lv wkh uhvlgxdo yhfwru1
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Wkh gdwd iru wkh ghshqghqw yduldeoh dqg uhjuhvvruv lq wkh suhglfwlrq vdpsoh
duh wkh hohphqwv ri wkh E?2 � �� yhfwru +2 dqg E?2 � &� pdwul{ f2c uhvshfwlyho|1
Ohw + ' E+��c +

�
2�
� dqg f ' Ef�

�cf
�
2�
� � Li E2��� dssolhv wr doo revhuydwlrqv/ zh fdq

zulwh
+ ' fq n � +516,

zlwk �� ' E��c �2c ���c �?��
Fkrz sursrvhv whvwlqj wkh mrlqw vljql�fdqfh ri wkh suhglfwlrq huuruv zklfk duh

wkh hohphqwv ri E+2 �f2
	q�� xvlqj

� '
E������ 	���	��� *?2
E	���	��� * E?� � &�

c +517,

lq zklfk �� ' +�f�q/ wkh ROV uhvlgxdo yhfwru rewdlqhg zkhq doo ? revhuydwlrqv duh
xvhg iru hvwlpdwlrq/ zlwk �q ' Ef �f�3�f�+1 Surylghg + � �Efqc j2U?�c � kdv
wkh 8 E?2c ?� � &� glvwulexwlrq zlwk odujh ydoxhv ri wklv whvw vwdwlvwlf lqglfdwlqj
suhglfwlyh idloxuh1 Wkxv/ zkhq wkh vljql�fdqfh ri E2�e� lv dvvhvvhg xvlqj uljkw0
kdqg wdlo fulwlfdo ydoxhv ri wkh 8 E?2c ?� � &� glvwulexwlrq/ wkh qxoo prgho xqghu
whvw lqfoxghv wkh dvvxpswlrq wkdw wkh huuruv �| duh qrupdoo| glvwulexwhg1

Wkhuh duh dowhuqdwlyhv wr Fkrz*v whvw1 Khqgu| +4<;3, kdv sursrvhg d odujh
vdpsoh whvw ri suhglfwlyh idloxuh wkdw/ olnh Fkrz*v surfhgxuh/ uhtxluhv wkh huuruv wr
eh qrupdoo| glvwulexwhg1 Xqghu qrupdolw|/ lw lv dv|pswrwlfdoo| ydolg +dv ?� $4�
wr frpsduh vdpsoh ydoxhv ri

M '
E+2 �f2

	q��
�E+2 �f2

	q��

E	���	��� * E?� � &�
+518,

wr uljkw0kdqg0wdlo fulwlfdo ydoxhv ri wkh �2E?2� glvwulexwlrq> vhh Khqgu| +4<;3/
s1555, dqg Nlylhw +4<;9/ Vhfwlrq 7,1

Wkh dvvxpswlrq ri qrupdolw| wkdw mxvwl�hv erwk wkh h{dfw whvw � dqg wkh odujh
vdpsoh whvw M lv frqyhqlhqw/ exw lw pd| qrw surylgh d yhu| jrrg dssur{lpdwlrq
lq sudfwlfdo vlwxdwlrqv1 Wkh h�hfwv ri qrqqrupdolw| wkhuhiruh phulw frqvlghudwlrq1

5141 Qrqqrupdolw| dqg dv|pswrwlf dqdo|vlv

Wkh wrwdo vdpsoh ri ? revhuydwlrqv lv pdgh xs ri ?� revhuydwlrqv lq wkh hvwlpdwlrq
vdpsoh dqg ?2 revhuydwlrqv lq wkh suhglfwlrq vdpsoh1 Lw lv qhfhvvdu| wr ghflgh
zkdw wr dvvxph derxw wkh vhsdudwh ehkdylrxu ri ?� dqg ?2 dv wkhlu vxp whqgv wr
lq�qlw|1 Suhylrxv vwxglhv/ lq zklfk dv|pswrwlf uhvxowv duh rewdlqhg iru suhglfwlyh
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idloxuh whvwv/ kdyh dvvxphg ?� $ 4 dqg ?2 $ 4c h1j1/ zlwk ?2 ' �?�c � �{hg>
vhh Kr�pdq dqg Sdjdq +4<;<,/ dqg Zhvw dqg PfFudfnhq +4<<;,1 Krzhyhu/ lq
sxeolvkhg hpslulfdo zrun xvlqj hvwlpdwhg olqhdu uhjuhvvlrq prghov/ lw lv riwhq wkh
fdvh wkdw ?2 lv vpdoo uhodwlyh wr ?� dqg lv vrphwlphv vpdoohu wkdq &� Lq rughu
wr jhqhudwh dssur{lpdwlrqv uhohydqw wr vxfk fdvhv/ zh fduu| rxw dq dv|pswrwlf
dqdo|vlv lq zklfk ?� $4 dqg ?2 lv �{hg1

Wkh iroorzlqj dvvxpswlrqv duh pdgh1
+d, Wkh huuru whupv �| duh llg kdylqj frpprq fxpxodwlyh glvwulexwlrq ixqfwlrq

+fgi ,/ @c zlwk }hur phdq/ yduldqfh j2c dqg �qlwh irxuwk prphqw1
+e, Li wkh uhjuhvvruv duh qrw vwrfkdvwlf/ wkh| vdwlvi| wkh zhdn uhtxluhphqw wkdw

%�|Ef
�
�f��3�%| lv JE�� dv ?� $4 iru doo |� Xqghu wklv dvvxpswlrq/ Kxehu*v +4<:6,

frqglwlrq iru wkh dv|pswrwlf ydolglw| ri vwdqgdug ROV lqihuhqfh lv phw iru erwk 	q�
dqg �q� Pruhryhu/ wklv uhtxluhphqw/ frpelqhg zlwk wkh Fdxfk|0Vzduw} lqhtxdolw|/
lpsolhv wkh dv|pswrwlf luuhohydqfh ri hvwlpdwlrq h�hfwv wkdw mxvwl�hv Khqgu|*v
+4<;3, whvw M�

+f, Li wkh uhjuhvvruv duh vwrfkdvwlf/ wkh uhtxluhg sulplwlyh frqglwlrqv xvxdoo|
ydu| iurp rqh vhwwlqj wr dqrwkhu/ h1j1 furvv0vhfwlrq ru wlph vhulhv/ exw wkh iroorzlqj
frqglwlrqv duh dvvxphg wr krog= Ef�

�f��3�f�
��� dqg Ef �f�3�f�� duh JRE�� dv

?� $ 4c dv lv %�|Ef
�
�f��3�%| iru doo |� Jlyhq wkhvh dvvxpswlrqv/ 	q� dqg �q duh

erwk frqvlvwhqw iru q zklovw r2� lv frqvlvwhqw iru j
2c zkhq ?� $ 4 zlwk ?2 �{hg�

Zklwh +4<;3, surylghv dvvxpswlrqv wkdw hqvxuh wkh frqvlvwhqf| ri ROV lq d fodvv
ri prghov uhohydqw wr furvv0vhfwlrq dqdo|vlv1 Iru prghov hvwlpdwhg xvlqj wlph
vhulhv gdwd/ wkh ydulrxv vhwv ri uhjxodulw| frqglwlrqv surylghg e| Kdplowrq +4<<7/
Fkdswhu ;, pd| eh ri lqwhuhvw1 Li wkh olqhdu uhjuhvvlrq htxdwlrq ehlqj xvhg lv dq
dxwruhjuhvvlyh glvwulexwhg odj prgho lqyroylqj lqwhjudwhg yduldeohv/ wkh uhjxodulw|
frqglwlrqv dqg uhvxowv ri Shvdudq dqg Vklq +4<<<, fdq eh hpsor|hg1

Xqghu wkh qxoo k|srwkhvlv ri prgho frqvwdqf| dqg rxu dvvxpswlrqv/ lw lv fohdu
wkdw Fkrz*v suhglfwlrq huuru whvw vwdwlvwlf � ri E2�e� lv dv|pswrwlfdoo| htxlydohqw
wr

� W '
��2�2
?2j2

c +519,

zkhuh �2 ' +2 �f2q/ zkhq ?� $4 dqg ?2 lv �{hg1 Htxdwlrq E2�S� lpsolhv wkdw
wkh frqyhqwlrqdo Fkrz whvw vwdwlvwlf � lv/ xqghu wkh dvvxpswlrqv ri wklv sdshu/
dv|pswrwlfdoo| htxlydohqw wr wkh dyhudjh vtxduhg ydoxh ri wkh odvw ?2 hohphqwv
ri wkh vwdqgdugl}hg yhfwru � ' j3��� Li wkh dvvxpswlrq ri qrupdolw| lv dgghg wr
E2��� c wkh dv|pswrwlf glvwulexwlrq ri � lv �2 E?2� *?2( zkhuh �2 E^� ghqrwhv d fkl0
vtxduhg glvwulexwlrq zlwk ^ ghjuhhv ri iuhhgrp1 Lw lv vwudljkwiruzdug wr vkrz wkdw
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Khqgu|*v +4<;3, vwdwlvwlf M ri E2�D� lv dv|pswrwlfdoo| htxlydohqw wr ?2�W dqg vr/
xqghu qrupdolw| dqg prgho vwdelolw|/ lw lv dv|pswrwlfdoo| glvwulexwhg dv �2 E?2� �

Wkh dvvxpswlrq ri qrupdolw| lv fuxfldo khuh vlqfh �W lv qrw sursruwlrqdo wr d
�2E?2� udqgrp yduldeoh zkhq wkh huuruv duh qrw qrupdoo| glvwulexwhg1 Wkxv/ lq
sudfwlfh/ wkh fdvh ri qrqqrupdo uhjuhvvlrq huuruv uhqghuv wkh dv|pswrwlf glvwulex0
wlrqv ri M dqg � xqnqrzq1 Wkhvh whvw vwdwlvwlfv duh qrw dv|pswrwlfdoo| slyrwdo
lq wkh vhqvh ri Ehudq +4<;;, ehfdxvh/ dowkrxjk lqyduldqw wr q dqg j2c wkhlu odujh
vdpsoh glvwulexwlrqv/ xqghu wkh qxoo k|srwkhvlv wkdw +514, krogv iru doo revhuyd0
wlrqv/ duh ghwhuplqhg e| wkh glvwulexwlrq ri ��2�2 zklfk ghshqgv xsrq wkh fgi @1
Wklv ghshqghqfh kdv lpsolfdwlrqv iru vlpxodwlrq0edvhg phwkrgv iru ghwhuplqlqj
fulwlfdo ydoxhv zklfk duh glvfxvvhg lq wkh qh{w vxe0vhfwlrq1

Htxdwlrq E2�S� lv ydolg xqghu wkh qxoo k|srwkhvlv1 Wkh fruuhvsrqglqj htxdwlrq
ghulyhg xqghu wkh �{hg dowhuqdwlyh

+| ' %�|q n 1| n �|c �| ��_Efc j
2�c | ' ?� n �c ���c ?c +51:,

lq zklfk 1| 9' f iru vrph |c pd| vhuyh wr surylgh vrph lqglfdwlrq ri wkh srzhu ri
wkh whvwv1 Xqghu vxfk dowhuqdwlyhv/ E2�S� pxvw eh uhsodfhg e|

� W
� '

E�2 n 1��E�2 n 1�

?2j2
c

lq zklfk 1 lv wkh E?2 � �� yhfwru zlwk w|slfdo hohphqw 1|n?�
c | ' �c � � � c ?21 Dv zlwk

�W/ wkh glvwulexwlrq ri � W
� lv xqnqrzq zkhq wkh huuru glvwulexwlrq lv xqvshfl�hg1

5151 Vlpxodwlrq0edvhg whvwv

Li wkh +qrqqrupdo, huuru glvwulexwlrq zhuh nqrzq/ lw zrxog eh srvvleoh wr xvh wkh
sdudphwulf errwvwuds1 Pruh suhflvho|/ jlyhq nqrzohgjh ri wkh wuxh huuru glvwulex0
wlrq/ pdq| duwl�fldo vdpsohv frxog eh jhqhudwhg/ frqglwlrqdo xsrq wkh revhuyhg
uhjuhvvru ydoxhv1 Wkh ydoxhv ri wkh suhglfwlrq huuru whvw vwdwlvwlf +M ru �, fdofx0
odwhg iurp wkhvh duwl�fldo vdpsohv frxog wkhq eh xvhg wr hvwlpdwh �qlwh vdpsoh
fulwlfdo ydoxhv ru s0ydoxhv1 Wkh sdudphwulf errwvwuds whvwv duh dnlq wr wkh Prqwh
Fduor w|sh whvwv ri Gxirxu dqg Nlylhw +4<<:/ 4<<;,1 Krzhyhu/ lq frqwudvw wr wkh
w|shv ri vlwxdwlrq frqvlghuhg e| Gxirxu dqg Nlylhw lq zklfk wkh zurqj fkrlfh
ri wkh fgi @ grhv qrw lpso| dv|pswrwlfdoo| lqydolg whvwv/ Prqwh Fduor whvwv dqg
sdudphwulf errwvwuds whvwv vx�hu iurp d pdmru gudzedfn zkhq dssolhg wr wkh
suhglfwlrq huuru whvw vwdwlvwlfv M dqg � 1
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Dv qrwhg deryh/ wkh glvwulexwlrqv ri M dqg �c xqghu wkh qxoo k|srwkhvlv/ gh0
shqg xsrq wkh fgi @ iru �{hg ?2c hyhq zkhq ?� $4� Khqfh/ dq lqfruuhfw fkrlfh
ri @ iru hlwkhu wkh sdudphwulf errwvwuds ru d Prqwh Fduor0w|sh whvw zloo ohdg wr
lqydolg lqihuhqfhv iru �{hg ?21 Lw vhhpv xqolnho| wkdw dssolhg zrunhuv zloo kdyh
dffhvv wr yhu| dffxudwh lqirupdwlrq derxw wkh jhqhudo irup ri wkh huuru glvwulex0
wlrq/ ohw dorqh kdyh shuihfw nqrzohgjh1 Wkh sdudphwulf errwvwuds lv/ wkhuhiruh/
xqolnho| wr surylgh d uholdeoh wrro iru dvvhvvlqj wkh vljql�fdqfh ri revhuyhg ydoxhv
ri wkh suhglfwlrq huuru whvw vwdwlvwlfv M dqg ��

Wkh qrqsdudphwulf errwvwuds/ lq zklfk udqgrpo| vhohfwhg uhvlgxdov iurp ROV
hvwlpdwlrq ri wkh qxoo prgho duh xvhg wr jhqhudwh duwl�fldo vdpsohv/ grhv qrw
uhtxluh vshfl�fdwlrq ri wkh huuru glvwulexwlrq1 Ixuwkhupruh/ wkh qrqsdudphwulf
errwvwuds surylghv d edvlv iru ydolg lqihuhqfhv zkhq ?� $4 dqg ?2 lv �{hg/ hyhq
wkrxjk M ri E2�D� dqg � ri E2�e� duh qrw dv|pswrwlfdoo| slyrwdo> vhh Ehudq +4<;;/
Vhfwlrq 6,1

Li wkh uhjuhvvruv ri E2��� duh vwulfwo| h{rjhqrxv/ wkh qrqsdudphwulf errwvwuds
fdq eh lpsohphqwhg e| jhqhudwlqj duwl�fldo revhuydwlrqv xvlqj

+W| ' %�|�q n �W| c | ' �c � � � c ? +51;,

lq zklfk wkh errwvwuds huuruv E�W�c �
W
2c � � � c �

W
?� duh d vlpsoh udqgrp vdpsoh gudzq

zlwk uhsodfhphqw iurp wkh hpslulfdo glvwulexwlrq ri wkh revhuyhg uhvlgxdov> l1h1/
iurp h@ G suredelolw|

�

?
rq ��|c | ' �c � � � c ?� +51<,

Wkh xvh ri �q/ wkh ROV hvwlpdwru ghulyhg xqghu wkh lpsrvlwlrq ri wkh qxoo k|srwk0
hvlv/ dqg wkh dvvrfldwhg hpslulfdo glvwulexwlrq ixqfwlrq +hgi ,/ h@c dv hvwlpdwruv ri
q dqg @ vdwlv�hv Ehudq*v +4<;;, frqglwlrqv iru wkh errwvwuds whvw wr kdyh dq huuru
lq uhmhfwlrq suredelolw| wkdw whqgv wr }hur dv ?� $4�

Li wkh uhjuhvvruv lqfoxgh odjjhg ydoxhv ri wkh ghshqghqw yduldeoh/ dv zhoo dv
vwulfwo| h{rjhqrxv yduldeohv/ E2�H� lv lqdssursuldwh> vhh Ol dqg Pdggdod +4<<9, iru
d uhfhqw uhylhz ri errwvwudsslqj wlph vhulhv prghov/ lqfoxglqj uhjuhvvlrq htxdwlrqv
zlwk dq dxwruhjuhvvlyh frpsrqhqw1 Vxssrvh wkdw E2��� lv jhqhudol}hg wr doorz iru
wkh lqfoxvlrq ri wkh �uvw R odjv ri +| lq wkh uhjuhvvruv/ vr wkdw

+| ' ��+|3� n �2+|32 n ��� n �R+|3R n %�|q n �|�

Vwdqgdug uhjxodulw| frqglwlrqv uhtxluh wkdw wkh urrwv ri E� � ��5 � �25
2 � ��� �

�R5
R� ' f duh rxwvlgh wkh xqlw flufoh dqg lw dvvxphg wkdw wkh ROV hvwlpdwhv h��

duh frqvlvwhqw zlwk wkhvh uhvwulfwlrqv1 Htxdwlrq E2�H� lv wkhq uhsodfhg e|

9



+W| ' h��+W|3� n h�2+W|32 n ��� n h�R+
W
|3R n %�|�q n �W| c | ' �c � � � c ?c

zkhuh wkh errwvwuds vdpsoh vwduwlqj ydoxhv duh vhw htxdo wr wkh dfwxdo hvwlpdwlrq
vdpsoh vwduwlqj ydoxhv> vhh Ol dqg Pdggdod +4<<9/ Vhfwlrq 516,1 Wkh �W| duh/ dv lq
wkh vwdwlf fdvh/ jhqhudwhg xvlqj E2�b�1

Lw lv zruwk qrwlqj wkdw wkh xvh ri wkh whupv +|3� kdv lpsolfdwlrqv iru wkh
vwdqgdug Fkrz whvw dssolhg wr prghov zlwk qrupdo huuruv1 Li wkh uhjuhvvruv zhuh
doo vwulfwo| h{rjhqrxv dqg wkh huuruv �| zhuh lqghshqghqw �Efc j2� yduldeohv/ d
fulwlfdo ydoxh iurp wkh uhohydqw 8 glvwulexwlrq zrxog eh pruh dssursuldwh wkdq
wkh fruuhvsrqglqj errwvwuds hvwlpdwh1 +Lq wklv vshfldo fdvh/ wkh iruphu lqyroyhv
qr huuru zkloh wkh odwwhu kdv dq huuru wkdw lv JE���� Krzhyhu/ zkhq wkh uhjuhvvruv
lqfoxgh odjjhg ydoxhv ri wkh ghshqghqw yduldeoh/ wkh 8 whvw lv rqo| dv|pswrwlfdoo|
ydolg xqghu qrupdolw| dqg vr/ olnh wkh errwvwuds whvw/ kdv dq huuru lq uhmhfwlrq
suredelolw| wkdw lv JE���

Wkh errwvwuds lv qrw wkh rqo| phwkrg dydlodeoh iru frqwuroolqj wkh vljql�fdqfh
ohyhov ri suhglfwlrq huuru whvwv lq wkh suhvhqfh ri qrqqrupdo glvwxuedqfhv1 Gx0
irxu/ Jk|vhov dqg Kdoo +4<<7, frqvlghu suhglfwlyh whvwv lq wkh frqwh{w ri qrqolqhdu
g|qdplf vlpxowdqhrxv htxdwlrq prghov1 Wkhlu uhvxowv fdq eh vshfldol}hg wr wkh
fdvh ri wkh olqhdu uhjuhvvlrq prgho1 Wkh| h{dplqh wzr dssurdfkhv= wkh xvh ri
Pdunry lqhtxdolwlhv wr jlyh erxqgv rq ghvluhg uhmhfwlrq suredelolwlhv> dqg wkh xvh
ri vhpl0qrqsdudphwulf +VQS, phwkrgv wr prgho wkh huuru glvwulexwlrq vr wkdw dq
hvwlpdwhg huuru glvwulexwlrq fdq eh hpsor|hg wr fdofxodwh uhmhfwlrq udwhv1

Wkh Pdunry lqhtxdolw| dssurdfk/ olnh wkh qrqsdudphwulf errwvwuds/ lv dssol0
fdeoh lq txlwh jhqhudo vlwxdwlrqv dqg lqyroyhv wkh jhqhudwlrq ri duwl�fldo vdpsohv1
Wkh uhvdpsolqj lv grqh wr hvwlpdwh wkh h{shfwhg ydoxh ri wkh whvw vwdwlvwlf xqghu
wkh qxoo k|srwkhvlv> wklv hvwlpdwh ehlqj qhhghg iru wkh fdofxodwlrq ri wkh Pdunry
xsshu erxqg1 Krzhyhu/ wkh Pdunry surfhgxuh grhv qrw r�hu wkh vdph nlqg ri
frqwuro ryhu wkh vljql�fdqfh ohyho dv wkh qrqsdudphwulf errwvwuds1 Wkh gl�huhqfh
ehwzhhq wkh hvwlpdwhg Pdunry erxqg dqg wkh wuxh uhmhfwlrq suredelolw| lv �E��
+vr lw lv qrw dv|pswrwlfdoo| qhjoljleoh, dqg fdq eh odujh uhodwlyh wr wkh odwwhu1
Iru h{dpsoh/ li ` kdv wkh �2E2� glvwulexwlrq/ vr wkdw .E` � ' 2c wkh Pdunry
lqhtxdolw| jlyhv

RoJKE` � S� � 2

S
c

l1h1/ d erxqg ri derxw f���/ zkhq wkh wuxh suredelolw| lv voljkwo| ohvv wkdq f�fD1
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Wkh VQS dssurdfk ryhufrphv wkh sureohp ri surgxflqj rqo| frqvhuydwlyh
suredelolw| vwdwhphqwv/ hyhq dv|pswrwlfdoo|1 Gxirxu hw do1 +4<<7/ Vhfwlrq 8,
glvfxvv hvwlpdwlqj wkh glvwulexwlrq ri wkh huuru whup xvlqj VQS dssur{lpdwlrqv1
D sudfwlfdo sureohp lv wkdw d suredelolw| ghqvlw| ixqfwlrq +sgi , pxvw eh vshfl�hg
dv d ohdg whup dqg/ dv dfnqrzohgjhg e| Gxirxu hw do1/ wkh fkrlfh ri wklv whup
pd| eh lq xhqwldo rq wkh rxwfrph ri wkh whvw1 Vhqvlwlylw| dqdo|vhv frxog eh
fduulhg rxw wr h{dplqh wkh h�hfwv ri gl�huhqw fkrlfhv iru wkh ohdg whup/ exw wklv
wdvn zrxog lqyroyh d vxevwdqwldo frpsxwdwlrqdo exughq1 Dv zloo eh vhhq ehorz/
wkh qrqsdudphwulf errwvwuds fdq zrun txlwh zhoo dqg grhv qrw qhhg dq| fkrlfhv
derxw ohdg whup sgi*v wr eh pdgh1

61 Prqwh Fduor Ghvljq

Uhvxowv duh rewdlqhg iurp wzr vhwv ri h{shulphqwv1 Iru hdfk vhw ri h{shulphqwv/
zh xvh doo vl{ frpelqdwlrqv ri E?c ?2� iurp ? ' Dfc Hfc �ff dqg ?2 ' �cS1

6141 Vhw 4= vwdwlf gdwd jhqhudwlrq surfhvvhv

Wkh uhjuhvvlrq prgho xvhg lq wkh �uvw vhw ri h{shulphqwv lv

+| '
S[

�'�

%|�q� n �|c +614,

lq zklfk= %|� ' �( %|2 lv gudzq iurp d xqlirup glvwulexwlrq zlwk sdudphwhuv � dqg
��( %|� lv gudzq iurp d orj0qrupdo glvwulexwlrq zlwk *?E%|�� � �E�c ��� Xqolnh %|2

dqg %|�c wkh uhpdlqlqj uhjuhvvruv duh vhuldoo| fruuhodwhg zlwk

%|e ' f�b%|3�ce n �|ec

%|D ' f�S%|3�cD n �|Dc

%|S ' f��%|3�cS n �|Sc

zlwk �|r ehlqj lqghshqghqwo| qrupdoo| glvwulexwhg/ vxfk wkdw .d%|ro ' f dqg
�@od%|ro ' �/ iru r ' ec DcS�4 Wklv jurxs ri uhjuhvvruv lqfoxghv dv vshfldo fdvhv wkh
w|shv ri uhjuhvvruv xvhg lq vhyhudo hduolhu Prqwh Fduor vwxglhv ri whvwv/ h1j1 iru
khwhurvnhgdvwlflw|1 Lw doorzv iru vhuldoo| fruuhodwhg uhjuhvvruv dqg qrqqrupdolw| ri
wkh uhjuhvvruv1

4Doo svhxgr0udqgrp qxpehuv duh rewdlqhg xvlqj urxwlqhv iurp wkh QDJ oleudu|1

;



Doo uhjuhvvlrq frh!flhqwv q� duh vhw htxdo wr }hur1 Wklv lqyroyhv qr orvv ri
jhqhudolw|/ vlqfh Euhxvfk*v +4<;3, lqyduldqfh uhvxowv lpso| wkdw wkh vdph uhvxowv
zrxog eh rewdlqhg zkdwhyhu wkh ydoxhv ri wkh frh!flhqwv q�� Wkh huuru whupv/ �|c
ri E���� duh llg Efc�� lq doo h{shulphqwv15 Vlqfh vhqvlwlylw| wr qrqqrupdolw| lv ri
frqvlghudeoh sudfwlfdo lqwhuhvw/ wkh glvwxuedqfhv �| duh rewdlqhg e| vwdqgdugl}lqj
svhxgr0udqgrp yduldeohv gudzq iurp vhyhudo glvwulexwlrqv1 Wkhvh glvwxuedqfh
glvwulexwlrqv duh= qrupdoc ghqrwhg �( Vwxghqw*v | zlwk D ghjuhhv ri iuhhgrp/ |D(
xqlirup/ ryhu wkh xqlw lqwhuydo/ L ( fkl0vtxduh zlwk 2 ghjuhhv ri iuhhgrp/ �2 E2� (
dqg/ orj0qrupdo/ \1

6151 Vhw 5= g|qdplf gdwd jhqhudwlrq surfhvvhv

Wkh fodvvlfdo dvvxpswlrq wkdw uhjuhvvruv duh hlwkhu �{hg lq uhshdwhg vdpsolqj
ru vwulfwo| h{rjhqrxv lv lqdssursuldwh lq wkh pdq| dssolhg duwlfohv edvhg xsrq
prghov wkdw lqfoxgh odjjhg ydoxhv ri wkh ghshqghqw yduldeoh lq wkh uhjuhvvru vhw1
Pruhryhu/ lq uhfhqw |hduv/ hpskdvlv kdv ehhq sodfhg xsrq wkh srvvlelolw| wkdw
wkh ghshqghqw yduldeoh dqg vrph uhjuhvvruv duh xqlw urrw surfhvvhv1 Lq rughu wr
h{dplqh wkh shuirupdqfh ri wkh frqyhqwlrqdo dqg qrqsdudphwulf errwvwuds whvwv
xqghu wkhvh wzr ghsduwxuhv iurp fodvvlfdo dvvxpswlrqv/ d vhfrqg vhw ri h{shulphqwv
lv fduulhg rxw xvlqj d g|qdplf gdwd jhqhudwlrq surfhvv hpsor|hg e| Jlhuvehujhq
dqg Nlylhw +4<<9, 1

Wkh dxwruhjuhvvlyh0glvwulexwhg odj +DGO, prgho gl�huv iurp wkdw ri Jlhuvehu0
jhq dqg Nlylhw +4<<9, rqo| lq wkdw zh doorz iru qrqqrupdolw| ri huuruv1 Wkh DGO
lv/ wkhuhiruh/ zulwwhq dv

+| ' w�+|3� n w25| n w�5|3� n we n �| +615,

lq zklfk wkh �| duh llg Efc j2�/ 5| lv lqwhjudwhg ri rughu rqh dqg mw�m 	 �( vr wkdw
+| dqg 5| duh frlqwhjudwhg FL+4/4,1 Wkh pdujlqdo prgho iru 5| lv jlyhq e|

{5| ' Z{+|3� n �{5|3� n #|c +616,

lq zklfk wkh whupv #| duh lqghshqghqwo| dqg qrupdoo| glvwulexwhg zlwk }hur phdq
dqg yduldqfh j2

#c dqg #| dqg �r duh lqghshqghqw iru doo | dqg r� Qrq}hur ydoxhv ri
Z lq E���� lpso| wkdw 5| lv suhghwhuplqhg/ exw qrw vwulfwo| h{rjhqrxv1

Wkh fkrlfh ri sdudphwhuv iru wkh h{shulphqwv iroorzv Jlhuvehujhq dqg Nlylhw
yhu| forvho|> vhh Jlhuvehujhq dqg Nlylhw +4<<9/ Dsshqgl{, iru d glvfxvvlrq ri

5Wkh uhvwulfwlrq wkdw ydu^xw` @ 4 fdxvhv qr orvv ri jhqhudolw| vlqfh wkh uhvxowv duh lqyduldqw
zlwk uhvshfw wr wkh ydoxh ri wkh frpprq yduldqfh/ xqghu wkh qxoo k|srwkhvlv1

<



frpsxwdwlrqdo ghwdlov1 Wkh frh!flhqwv ri E��2� duh vhohfwhg wr eh vlplodu wr wkrvh
irxqg lq hpslulfdo vwxglhv ri wkh frqvxpswlrq ixqfwlrq zlwk

Ew�c w2c w�� ' Ef�Hc f�Dc�f���c

dqg/ zlwkrxw orvv ri jhqhudolw|/ we ' f�f� Wkh yduldqfh sdudphwhu j2 lv vshfl�hg
vr wkdw wkh huuru fruuhfwlrq prgho fruuhvsrqglqj wr E��2� kdv d srsxodwlrq -2

htxdo wr f�H/ zklfk djdlq lv vlplodu wr ydoxhv irxqg lq sudfwlfdo vlwxdwlrqv1 Zh xvh
Ef�fcf�H� dqg E�f�ec f�e� iru EZc�� lq E����> vhh Jlhuvehujhq dqg Nlylhw +4<<9/ s1
974/ Wdeoh 4, iru wkh lpsolhg urrwv ri wkh g|qdplf surfhvv1 Wkh yduldqfh ri wkh
huuru whup ri E���� lv/ zlwkrxw orvv ri jhqhudolw|/ vhw htxdo wr �1 Wkh huuruv �| duh
gudzq iurp wkh �yh glvwulexwlrqv xvhg iru vwdwlf gdwd jhqhudwlrq surfhvvhv1 Jlyhq
d fkrlfh ri frh!flhqwv dqg huuru glvwulexwlrq/ vwduwlqj ydoxhv ri + dqg 5 duh vhw
htxdo wr }hur dqg wkhq �revhuyhg gdwd� duh jhqhudwhg iru | ' �ebc ���c fc�c ���c ?�
Wkh �uvw eb revhuydwlrqv duh glvfdughg wr uhgxfh wkh lpsdfw ri wkh �{hg lqlwldo
frqglwlrqv1 Wkh ydoxhv +f dqg 5f duh uhjdughg dv vwduw0xs ydoxhv iru wkh vhtxhqfh
iE+|c 5|�( | ' �c ���c ?j1

Zkhq Z ' f lq E����/ wkh vhtxhqfh i5|j fdq eh wuhdwhg dv �{hg ryhu errwvwudsv
dqg wkh errwvwuds vdpsohv duh rewdlqhg xvlqj

+W| ' hw�+W|3� n hw25| n hw�5|3� n hwe n �W| c | ' �c � � � c ? +617,

lq zklfk= +Wf ' +f( Ehw�chw2chw�chwe� lv wkh yhfwru ri ROV hvwlpdwhv iru E��2� edvhg
xsrq xvlqj doo ? revhuydwlrqv> dqg wkh errwvwuds huuruv E�W�c �

W
2c � � � c �

W
?� duh d

vlpsoh udqgrp vdpsoh gudzq zlwk uhsodfhphqw iurp wkh hpslulfdo glvwulexwlrq ri
wkh fruuhvsrqglqj uhvlgxdov> l1h1/ iurp

h@ G suredelolw|
�

?
rq ��|c | ' �c � � � c ?� +618,

Wkh ROV hvwlpdwruv/ �w�c ghulyhg xqghu wkh qxoo k|srwkhvlv duh frqvlvwhqw/ dv uh0
txluhg iru Ehudq*v +4<;;, uhvxowv wr eh dssolfdeoh1 Wkh uhvxowv ri Vlpv/ Vwrfn dqg
Zdwvrq +4<<3, lpso| wkdw wkh vorsh hvwlpdwruv duh qrw rqo| frqvlvwhqw exw dovr

kdyh frqyhqwlrqdo dv|pswrwlf pdujlqdo glvwulexwlrqv zlwk
s
?Ehw�� w�� frqyhujlqj

wr d qrupdo glvwulexwlrq zlwk }hur phdq dqg �qlwh yduldqfh/ iru � ' �c 2c��
Lw pljkw eh wkrxjkw lpsruwdqw wr vlpxodwh i+| c 5|jc xvlqj E��2� dqg E���� zlwk

hvwlpdwhg frh!flhqwv dv d v|vwhp/ wr plplf gdwd jhqhudwlrq surfhvvhv lq zklfk
Z ri E���� lv qrw }hur1 Krzhyhu/ olnh Jlhuvehujhq dqg Nlylhw +4<<9,/ zh �qg wkdw
wklv dssurdfk |lhogv uhvxowv wkdw duh yhu| vlplodu wr wkrvh iru wkh vlpsoh vfkhph ri
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E��e� dqg E��D� lq zklfk wkh vhtxhqfh i5|j lv qrw ydulhg ryhu errwvwuds vdpsohv1
Doo uhvxowv uhsruwhg ehorz duh iru wkh vlpsoh vfkhph1

6161 Hvwlpdwlrq ri fulwlfdo ydoxhv dqg uhmhfwlrq suredelolwlhv

Wkh shuirupdqfh ri wkh suhglfwlyh idloxuh whvwv lv frqvlghuhg xvlqj Dfff uhsolfd0
wlrqv ri vdpsoh gdwd jhqhudwhg xvlqj hlwkhu E���� ru E��2�/ dqg ydulrxv phwkrgv ri
dssur{lpdwlqj wkh fulwlfdo ydoxhv iru qrplqdo vljql�fdqfh ohyhov ri DI dqg �fI1
Iluvw/ wkh 8 E?2c ?� � &� +uhvs1 �2 E?2�, glvwulexwlrq lv xvhg wr rewdlq fulwlfdo ydo0
xhv ri wkh Fkrz +uhvs1 Khqgu|, whvw/ zklfk lv dssursuldwh rqo| li wkh glvwxuedqfhv
duh qrupdoo| glvwulexwhg1 Vhfrqg/ wkh dssur{lpdwh fulwlfdo ydoxhv duh ghulyhg iurp
wkh qrq0sdudphwulf errwvwuds +qsev,1 Ilqdoo|/ irxu sdudphwulf errwvwuds phwk0
rgv duh hpsor|hg wr rewdlq fulwlfdo ydoxhv1 Wkh glvwulexwlrqv xvhg duh |Dc Lc �2 E2�
dqg \c dv xvhg wr jhqhudwh wkh vdpsoh gdwd1 Qrwh wkdw wklv phwkrg zloo |lhog
dssursuldwh fulwlfdo ydoxhv rqo| li wkh fkrlfh ri glvwulexwlrq xvhg lq wkh errwvwuds
surfhgxuh pdwfkhv wkdw ri wkh glvwxuedqfhv lq wkh gdwd jhqhudwlrq surfhvv/ lq
zklfk fdvh wkhuh vkrxog eh yhu| forvh djuhhphqw ehwzhhq ghvluhg dqg dfwxdo vlj0
ql�fdqfh ohyhov1 Lq erwk wkh sdudphwulf dqg qrq0sdudphwulf errwvwuds surfhgxuhv/
Dff errwvwuds vdpsohv duh jhqhudwhg lq rughu wr hvwlpdwh wkh wuxh fulwlfdo ydoxhv1

Ehiruh glvfxvvlqj wkh uhvxowv wkdw duh rewdlqhg iurp wkh h{shulphqwv/ lw lv
xvhixo wr h{dplqh zkdw jxlgdqfh lv dydlodeoh iurp dv|pswrwlf wkhru| wr dvvlvw xq0
ghuvwdqglqj dqg lqwhusuhwlqj vxfk uhvxowv1 Wkh dv|pswrwlf uhmhfwlrq udwhv ri wkh
frqyhqwlrqdo M dqg � whvwv duh wkh uhmhfwlrq suredelolwlhv ri �W ri E2�S�/ edvhg rq
wkh dvvxpswlrq wkdw �W lv glvwulexwhg dv �2E?2�*?2� Wkhuhiruh nqrzohgjh ri wkh
wuxh glvwulexwlrq ri �W fdq eh xvhg wr suhglfw wkh srvvleoh ehkdylrxu ri M dqg � /
xqghu qrq0qrupdolw|1 Lq fhuwdlq vshfldo fdvhv wklv glvwulexwlrq fdq eh rewdlqhg dq0
do|wlfdoo|1 Iru h{dpsoh/ frqvlghu wkh vlpsoh fdvh zkhuh �2 lv xqlirupo| glvwulexwhg
zlwk }hur phdq dqg ?2 ' �� Khuh/ �2*j kdv glvwulexwlrq ixqfwlrq 8 ES� ' Sn

I
�

2
I
�
c

�s� 	 S 	
s
�c iurp zklfk lw iroorzv wkdw �h E�W : _� ' � �

t
_
�
c f 	 _ 	 ��

Lqfruuhfwo| dvvxplqj wkdw �W lv �2E�� zrxog |lhog dfwxdo dv|pswrwlf vljql�fdqfh
ohyhov ri DIc fI dqg fI dw wkh qrplqdo �fIc DI dqg �I ohyhov/ uhvshfwlyho|>
l1h1/ �h E� W : 2�.fS� ' f�fDc �h E�W : ��He�� ' fc �h E�W : D�f2e� ' f1 Vlqfh M
dqg � duh erwk dv|pswrwlfdoo| htxlydohqw wr �W zkhq ?2 ' �/ dv|pswrwlf wkhru|
vxjjhvwv wkdw/ lq wklv vshfldo fdvh/ frqyhqwlrqdo whvwv zloo eh xqghuvl}hg zkhq wkh
huuruv duh xqlirupo| glvwulexwhg1

Pruh jhqhudo frpelqdwlrqv ri ?2 dqg wkh huuru glvwulexwlrq duh qrw wudfwdeoh
dv idu dv h{dfw uhvxowv duh frqfhuqhg/ exw yhu| dffxudwh hvwlpdwhv ri wkh uhmhf0
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wlrq suredelolwlhv ri �W fdq eh rewdlqhg e| vlpxodwlrq iru dq| jlyhq frpelqdwlrq1
Wklv vwudwhj| zdv dgrswhg lq dq dwwhpsw wr xvh dv|pswrwlf wkhru| wr dvvlvw lq
wkh lqwhusuhwdwlrq ri Prqwh Fduor uhvxowv1 Wdeoh 4 frqwdlqv hvwlpdwhv ri wkh uhmhf0
wlrq suredelolwlhv ri � W edvhg xsrq rqh ploolrq uhsolfdwlrqv iru hdfk frpelqdwlrq
ri qrplqdo vljql�fdqfh ohyho/ ?2/ dqg qrqqrupdo huuru glvwulexwlrq xvhg lq wkh
h{shulphqwv1

Wdeoh 4= Hvwlpdwhg uhmhfwlrq suredelolwlhv ri �W

+d, Qrplqdo vljql�fdqfh ohyho lv DI
glvwulexwlrq lv= |D L �2E2� \

?2 ' � S�b2 f��D H��e S�Sb
?2 ' S H��2 f�2D �f�S� b��f

+e, Qrplqdo vljql�fdqfh ohyho lv �fI
glvwulexwlrq lv= |D L �2E2� \

?2 ' � �f�De 2�D� ���fb H�22
?2 ' S �2�f� 2�2S ���.S �f�Hf

Wkhvh uhvxowv vxjjhvw wkdw � dqg M zloo erwk eh ryhu0vl}hg xqghu |Dc �2E2� dqg
\ huuruv/ zlwk wkh glvwruwlrq lqfuhdvlqj dv ?2 lqfuhdvhv iurp � wr S� Rq wkh rwkhu
kdqg/ wkh suhglfwlrq lv wkdw wkhvh whvwv zloo eh vhyhuho| xqghuvl}hg/ dv|pswrwlfdoo|/
zkhq wkh uhjuhvvlrq huuruv duh xqlirupo| glvwulexwhg/ zklfk lv frqvlvwhqw zlwk wkh
dqdo|wlfdo uhvxow rewdlqhg deryh1

71 Prqwh Fduor Uhvxowv

Lq wklv vhfwlrq/ zh h{dplqh lq ghwdlo wkh uholdelolw| lq �qlwh vdpsohv ri wkh ydulrxv
fulwlfdo ydoxhv uhodwlyh wr d ghvluhg qrplqdo DI vljql�fdqfh ohyho lq wkh frqwh{w
ri erwk wkh vwdwlf dqg g|qdplf prgho16 Udwkhu wkdq suhvhqwlqj wdeohv frqwdlqlqj
pdq| hvwlpdwhv/ zh xvh �jxuhv wr frqyh| wkh pdlq ihdwxuhv slfwruldoo| dqg dovr
uhsruw whvwv ri k|srwkhvhv wkdw uhvwulfw wuxh uhmhfwlrq udwhv wr eh lq dq lqwhuydo

6Uhvxowv iru wkh 43( ohyho duh qrw glvfxvvhg lq ghwdlo vlqfh wkh| uhyhdo vlplodu ihdwxuhv1
Krzhyhu/ d ixoo vhw ri wkh Prqwh Fduor uhvxowv lv dydlodeoh xsrq uhtxhvw1
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fhqwuhg rq wkh qrplqdo vl}h1 Wklv vruw ri k|srwkhvlv vhhpv pruh uhohydqw iurp
d sudfwlfdo srlqw ri ylhz wkdq wkh qxoo k|srwkhvlv wkdw wkh dfwxdo vl}h htxdov
wkh qrplqdo vl}h1 Zlwk d odujh qxpehu ri uhsolfdwlrqv/ gl�huhqfhv ri olwwoh uhdo
lpsruwdqfh ehwzhhq dfwxdo dqg qrplqdo vl}h frxog ohdg wr uhmhfwlrq ri wkh odwwhu
w|sh ri qxoo k|srwkhvlv zlwk kljk suredelolw|1

Iljxuhv 408 sorw wkh hvwlpdwhg vljql�fdqfh ohyhov ri irxu yduldqwv ri wkh suh0
glfwlrq huuru whvw djdlqvw wkh vl{ srvvleoh sdluv ri E?c?2�c iurp ? ' ?� n ?2 '
Dfc Hfc �ff dqg ?2 ' �cSc iru hdfk ri wkh �yh huuru glvwulexwlrqv lq wkh vwdwlf
prgho E���� dv ghvfulehg lq Vhfwlrq 6141 Wkh irxu whvwv duh= wkh Fkrz vwdwlvwlf
xvlqj hlwkhu qsev ru 8E?2c ?� � &� fulwlfdo ydoxhv +ghqrwhg Fkrz0qsev dqg Fkrz/
uhvshfwlyho|,> dqg Khqgu|*v yduldqw xvlqj hlwkhu qsev ru �2E?2� fulwlfdo ydoxhv
+ghqrwhg Khqgu|0qsev dqg Khqgu|/ uhvshfwlyho|,1 Iljxuhv 9044 looxvwudwh wkh fru0
uhvsrqglqj uhmhfwlrq udwhv iru wkh DGO prgho E��2� ri Vhfwlrq 615 zlwk Z ' f dqg
� ' f�H lq E����1

Lq rughu wr fkhfn li wkh hylghqfh lv frqvlvwhqw zlwk wkh fodlp wkdw wkh dfwxdo
dqg wuxh vl}hv gl�hu e| dw prvw vrph vshfl�hg dprxqw/ h1j1 f�DI/ zh surfhhg dv
iroorzv1 Ohw wkh k|srwkhvlv wr eh whvwhg eh wkdw wkh wuxh uhmhfwlrq udwh oW vdwlv�hv
Mo G o� � oW � o2/ zkhuh= f 	 o� 	 o2 	 �c zlwk o� � o2 ehlqj �E��c qrw JE��>
dqg o�n o2 ' 2kc zkhuh k lv wkh ghvluhg vl}h1 Ohw wkh uhtxluhg dv|pswrwlf +dv wkh
qxpehu ri Prqwh Fduor uhsolfdwlrqv/ -c whqgv wr lq�qlw|, vljql�fdqfh ohyho ri wkh
whvw ri Mo eh y dqg SW eh vxfk wkdw RoJKE�Efc�� 	 �SW� ' y� Zh xvh y ' DI lq
doo vxfk whvwv vr wkdw wkh fruuhvsrqglqj ydoxh ri SW lv ��SeD1 Dv|pswrwlfdoo| ydolg
lqihuhqfhv duh pdgh e| uhmhfwlqj Mo li wkh hvwlpdwhg vl}h ri wkh suhglfwlrq huuru
whvw idoov rxwvlgh wkh lqwhuydo

o� � ��SeD

u
o�E� � o��

-
c o2 n ��SeD

u
o2E� � o2�

-
c

dv - $ 4� Zh kdyh - ' Dfff lq doo ri rxu h{shulphqwv17 Wkxv/ iru h{dpsoh/
zlwk k ' DIc o� ' e�DI dqg o2 ' D�DI/ Mo uhvwulfwv wkh wuxh vl}h wr eh zlwklq
f�DI ri wkh ghvluhg vl}h ri DI dqg wkh dffhswdqfh udqjh lv e�f2I wr S�f�I1

Wkh Iljxuhv xvhg wr vxppdul}h wkh hvwlpdwhv dovr vxppdul}h wkh rxwfrphv
ri whvwv ri Mo� Lq hdfk Iljxuh/ li dq hvwlpdwh olhv zlwklq wkh rxwhu sdlu ri gdvkhg
krul}rqwdo olqhv/ lw lv frqvlvwhqw zlwk wkh fodlp wkdw wkh wuxh vljql�fdqfh ohyho lv
zlwklq �I ri wkh qrplqdo ydoxh> wklv zloo eh uhihuuhg wr dv vdwlvidfwru| djuhhphqw

7Zlwk 8333 uhsolfdwlrqv/ lw vhhpv uhdvrqdeoh wr wuhdw wkh hvwlpdwhg vljql�fdqfh ohyhov dv
qrupdo yduldeohv1 Dovr wkh vljql�fdqfh ohyhov ri wkh whvw zlwk U @ 8333 duh olnho| wr eh yhu|
forvho| dssur{lpdwhg e| wkrvh dssurdfkhg dv U$4=
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ehwzhhq hvwlpdwhg dqg ghvluhg vljql�fdqfh ohyhov1 Li dq hvwlpdwh olhv zlwklq wkh
lqqhu sdlu ri gdvkhg olqhv/ lw lv frqvlvwhqw zlwk wkh fodlp wkdw wkh wuxh vljql�fdqfh
ohyho lv zlwklq f�DI ri wkh qrplqdo ydoxh dqg wklv vkdoo eh uhihuuhg wr dv jrrg
djuhhphqw ehwzhhq hvwlpdwhg dqg ghvluhg vljql�fdqfh ohyhov1

Lq wkh fdvh ri wkh vwdwlf prgho E����/ wkh pdlq ihdwxuhv ri wkh hylghqfh frq0
fhuqlqj wkh ehkdylrxu ri wkh Fkrz dqg Khqgu| whvwv/ zlwk wkh ydulrxv fulwlfdo
ydoxhv/ duh dv iroorzv1

+d, Zlwk qrupdoo| glvwulexwhg uhjuhvvlrq huuruv wkh Fkrz whvw/ zklfk xvhv fulw0
lfdo ydoxhv iurp 8 E?2c ?� � &�c lv h{dfw dqg wklv lv uh hfwhg lq wkh forvh
djuhhphqw ehwzhhq hvwlpdwhg dqg ghvluhg vljql�fdqfh ohyhov/ iru doo ?2 dqg
?1 Wkh Khqgu| yduldqw zklfk hpsor|v fulwlfdo ydoxhv iurp �2E?2� lv rqo|
dv|pswrwlfdoo| ydolg/ vlqfh lw ljqruhv dv|pswrwlfdoo| qhjoljleoh hvwlpdwlrq
h�hfwv/ dqg fdq h{klelw txlwh srru vdpsolqj ehkdylrxu> h1j1/ iru ? ' Dfc
wkh hvwlpdwhg vljql�fdqfh ohyhov duh b�eHI dqg �f�efI iru ?2 ' � dqg Sc
uhvshfwlyho|/ zklovw wkh fruuhvsrqglqj hvwlpdwhv iru wkh Fkrz whvw duh e�S2I
dqg e�HeIc uhvshfwlyho|1 Nlylhw +4<;9,/ xvlqj d g|qdplf uhjuhvvlrq prgho
iru vwdwlrqdu| gdwd/ dovr rewdlqv Prqwh Fduor hylghqfh wkdw Khqgu|*v whvw lv
ryhuvl}hg1

+e, Zkhq wkh uhjuhvvlrq huuruv duh qrw qrupdoo| glvwulexwhg wkh vwdqgdug sudf0
wlfh ri xvlqj 8 fulwlfdo ydoxhv zlwk wkh Fkrz vwdwlvwlf/ ru �2 fulwlfdo ydoxhv
zlwk Khqgu|*v vwdwlvwlf/ riwhq ohdgv wr vxevwdqwldo gl�huhqfhv ehwzhhq hvwl0
pdwhg dqg ghvluhg vljql�fdqfh ohyhov> vhh Iljxuhv 5081 Lq sduwlfxodu/ wkh whvwv
duh frqvlvwhqwo| ryhuvl}hg xqghu |Dc �

2E2� dqg \ huuruv zlwk wkh ryhuuhmhf0
wlrq ehlqj odujhu zkhq ?2 ' S1 Wkh vl}h glvwruwlrqv fdq eh vhhq iru doo wkuhh
vdpsoh vl}hv dqg duh hvshfldoo| pdunhg iru Khqgu|*v yduldqw1 Iru h{dpsoh/
zlwk �2E2� huuruv dqg E? ' Dfc ?2 ' ��/ wkh hvwlpdwhg vljql�fdqfh ohyho iru
wkh Khqgu| yduldqw lv ���eSI zklovw iru wkh Fkrz yduldqw lw lv H�22I� Wkhvh
uhvxowv duh frqvlvwhqw zlwk wkh dqdo|vlv ri Vhfwlrq 616 dqg Nlylhw*v +4<;9,
hylghqfh rq wkh �qlwh vdpsoh lpsdfw ri qhjohfwhg hvwlpdwlrq h�hfwv1 Zkhq
wkh huuruv duh xqlirupo| glvwulexwhg/ wkh whvwv duh frqvlvwhqwo| xqghuvl}hg/
dv wkh dv|pswrwlf dqdo|vlv ri Vhfwlrq 616 vxjjhvwhg wkh| zrxog eh/ h{fhsw
iru wkh M whvw zkhq ? ' Df zkhuh dv|pswrwlf wkhru| dsshduv qrw wr surylgh
d uhdvrqdeoh jxlgh wr �qlwh vdpsoh ehkdylrxu1 Krzhyhu/ lw zdv qrwhg lq
+d, wkdw qhjohfw ri hvwlpdwlrq h�hfwv uhqghuv Khqgu|*v whvw ryhuvl}hg dqg/
vlqfh wkh uhmhfwlrq udwhv gr lqghhg idoo ehorz zhoo ehorz DI iru ? ' Hf dqg
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? ' �ffc lw wkhuhiruh vhhpv olnho| wkdw wklv h�hfw fdq grplqdwh wkh h�hfw ri
xqlirup huuruv lq �qlwh vdpsohv1

+f, Wkh qrqsdudphwulf errwvwuds hqmr|v frqvlghudeoh vxffhvv lq frqwuroolqj wkh
vljql�fdqfh ohyhov zkhq hlwkhu wkh Fkrz ru Khqgu| vwdwlvwlf lv dssolhg wr
prghov zlwk qrqqrupdo huuruv1 Lqghhg/ wkh hvwlpdwhg vljql�fdqfh ohyhov iru
erwk yduldqwv ri wkh whvw/ xvlqj wklv whfkqltxh/ duh uhpdundeo| vlplodu dfurvv
doo fdvhv dqg vr wkh iroorzlqj frqfoxvlrqv dsso| wr erwk whvwv1 Yhu| jrrg
uhvxowv duh rewdlqhg zkhq ?2 ' � zlwk prvw hvwlpdwhv ehlqj frqvlvwhqw zlwk
wkh fodlp wkdw wkh wuxh vljql�fdqfh ohyho lv zlwklq f�DI ri wkh qrplqdo ydoxh/
dqg doo ehlqj frqvlvwhqw zlwk wkh fodlp wkdw wkh iruphu lv zlwklq �I ri wkh
odwwhu1 Wkhuh lv dovr vwurqj hylghqfh lq idyrxu ri wkh qrqsdudphwulf errw0
vwuds zkhq ?2 ' S dqg wkh huuru glvwulexwlrq lv v|pphwulf +zkhwkhu qrupdo
ru qrw,1 Xqiruwxqdwho|/ zlwk ?2 ' S dqg hlwkhu wkh �2 E2� ru orj0qrupdo
glvwulexwlrqv vxsso|lqj wkh uhjuhvvlrq huuruv/ wkh qrqsdudphwulf errwvwuds
ohdgv wr ryhuvl}hg whvwv/ dowkrxjk wkh ghjuhh ri ryhu0uhmhfwlrq ghfuhdvhv dv
? lqfuhdvhv1 Pruhryhu/ lq wkhvh fdvhv/ wkh xvh ri wkh frqyhqwlrqdo fulwlfdo
ydoxhv ohdgv wr d udwkhu kljkhu ghjuhh ri ryhuuhmhfwlrq wkdq wkh xvh ri qrq0
sdudphwulf errwvwuds fulwlfdo ydoxhv1

+g, Wkh phvvdjh iurp wkh hvwlpdwhv xvlqj sdudphwulf errwvwudsv lv yhu| fohdu
dqg ixoo ghwdlov duh qrw uhsruwhg khuh1 Shuihfw nqrzohgjh ri wkh huuru glv0
wulexwlrq ohdgv wr h{fhoohqw djuhhphqw ehwzhhq hvwlpdwhg dqg ghvluhg vlj0
ql�fdqfh ohyhov/ dv rqh pljkw h{shfw1 Doo hvwlpdwhv/ iru erwk wkh Fkrz dqg
Khqgu| whvw/ zlwk fruuhfw pdwfklqj ri dvvxphg dqg dfwxdo huuru glvwulexwlrq
duh frqvlvwhqw zlwk wkh fodlp wkdw wkh wuxh vljql�fdqfh ohyho lv zlwklq f�DI
ri wkh qrplqdo ydoxh1 Krzhyhu/ shuihfwo| dffxudwh lqirupdwlrq derxw wkh
huuru glvwulexwlrq lv prvw xqolnho|1 Lqfruuhfw pdwfklqj lqyroylqj wkh xvh ri
dq lqdssursuldwh sdudphwulf errwvwuds iuhtxhqwo| surylghv hylghqfh ri vxe0
vwdqwldo gl�huhqfhv ehwzhhq hvwlpdwhg dqg qrplqdo vljql�fdqfh ohyhov1 Iru
h{dpsoh/ zlwk ? ' Df dqg ?2 ' � dqg xqlirup huuruv/ wkh hvwlpdwhg vljql�0
fdqfh ohyhov iru wkh wkuhh yhuvlrqv ri wkh Fkrz whvw zklfk xvh |Dc �2E2� dqg \
sdudphwulf errwvwuds fulwlfdo ydoxhv duh f�DHIc f�2Ic dqg f�fI uhvshfwlyho|1
Wkxv/ dv dujxhg deryh/ vlqfh lqirupdwlrq derxw wkh huuru glvwulexwlrq lv rqo|
ydjxh/ wkh sdudphwulf errwvwuds lv qrw d uholdeoh phwkrg1

Wkh txdolwdwlyh qdwxuh ri wkh uhpdunv pdgh lq +d,0+g,/ deryh/ dovr dsso| wr
wkh DGO prgho E��2� ri Vhfwlrq 615 zlwk Z ' f dqg � ' f�H lq E����/ dowkrxjk
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wkh Khqgu| yduldqw ri wkh whvw xvhg lq frqmxqfwlrq zlwk wkh vwdqgdug �2E?2�
fulwlfdo ydoxhv shuirupv voljkwo| zruvh wkdq lq wkh vwdwlf prgho1 Wkh Fkrz whvw
zlwk 8 E?2c ?� � &� fulwlfdo ydoxhv vwloo surgxfhv h{fhoohqw hvwlpdwhg vljql�fdqfh
ohyhov zkhq wkh uhjuhvvlrq huuruv duh qrupdoo| glvwulexwhg +ghvslwh qrz ehlqj rqo|
dv|pswrwlfdoo| ydolg,1 Zkhq wkh huuruv duh qrq0qrupdo/ wkh shuirupdqfh ri erwk
wkhvh surfhgxuhv lv/ lq jhqhudo/ h{wuhpho| srru1 Wkh qrq0sdudphwulf errwvwuds
zrunv zhoo/ h{fhsw iru ?2 ' S dqg dv|pphwulf huuruv zkhuh wkh glvwruwlrqv rewdlqhg
duh txdolwdwlyho| vlplodu wr wkrvh irxqg lq wkh vwdwlf prgho1 Ilqdoo|/ dqg dv uhyhdohg
iru wkh vwdwlf prgho/ wkh sdudphwulf errwvwuds fdq rqo| eh uholhg xsrq zkhq
wkhuh lv shuihfw nqrzohgjh ri wkh huuru glvwulexwlrq1 Wkhuhiruh wkh qrq0sdudphwulf
errwvwuds hphujhv dv h{wuhpho| h�hfwlyh dw frqwuroolqj wkh vljql�fdqfh ohyho ri
erwk wkh Fkrz dqg Khqgu| irupv ri wkh suhglfwlrq huuru whvw/ lq wkh DGO prgho/
zlwk wkh uhmhfwlrq udwhv iru erwk ri wkhvh yduldqwv ehlqj uhpdundeo| vlplodu dfurvv
doo h{shulphqwv1

Wkh qrq0sdudphwulf errwvwuds hpsor|hg lq wkh DGO prgho dvvxphg d vwulfwo|
h{rjhqrxv 5| surfhvv zlwk E��e� ehlqj xvhg iru uhvdpsolqj1 Li 5| zhuh rqo| suhgh0
whuplqhg/ wkhq wklv dssurdfk pljkw fdxvh �qlwh vdpsoh sureohpv/ vlqfh/ vwulfwo|
vshdnlqj/ mrlqw vlpxodwlrq ri wkh frqglwlrqdo dqg pdujlqdo prghov zrxog eh uh0
txluhg wr plplf wkh wuxh gdwd jhqhudwlrq surfhvv1 Rq wkh rwkhu kdqg/ lqfruuhfw
vshfl�fdwlrq ri wkh pdujlqdo prgho iru 5| zkhq xvlqj wkh qrq0sdudphwulf errwvwuds
zlwk mrlqw vlpxodwlrq frxog kdyh idu pruh vhulrxv frqvhtxhqfhv1 Lq wkhlu vwxg|/
Jlhuvehujhq dqg Nlylhw +4<<9, frqfoxgh wkdw �111�qlwh vdpsoh glvwruwlrqv gr qrw

ghshqg khdylo| rq wkh suhvhqfh ru devhqfh ri d ihhgedfn phfkdqlvp 111 Wkh ehqh�wv

ri wdnlqj wkh ixoo v|vwhp lqwr dffrxqw duh prghudwh dqg vrphwlphv frxqwhu surgxf0

wlyh�1 Wklv frqfoxvlrq/ dowkrxjk vxjjhvwlyh/ zdv lq d udwkhu gl�huhqw lqihuhqwldo
frqwh{w1 Wkxv/ dv d sduwldo fkhfn rq wkh h!fdf| ri wkh sursrvhg qrq0sdudphwulf
errwvwuds surfhgxuh edvhg rq E��e�/ vrph h{shulphqwv zhuh shuiruphg lq zklfk
Z ' �f�e dqg � ' f�e> vr wkdw 5| zdv rqo| suhghwhuplqhg1 Wkh uhvxowv zhuh do0
prvw lqglvwlqjxlvkdeoh iurp wkh fdvh ri vwulfwo| h{rjhqrxv 5| dqg/ olnh Jlhuvehujhq
dqg Nlylhw/ zh frqfoxgh lq wklv fdvh wkdw �Errwvwuds lqihuhqfh wxuqv rxw eh txlwh

dffxudwh/ hyhq li wkh ihhgedfn phfkdqlvp lv ljqruhg lq wkh uhvdpsolqj vfkhph1�
Lq wkh uhvxowv iru wkh vwdwlf prgho glvfxvvhg wkxv idu/ & lv S dqg ?2 lv hlwkhu �

ru S/ vr wkdw ?2 � &1 Wklv lv wkh lqhtxdolw| wkdw gh�qhv vlwxdwlrqv lq zklfk Fkrz
uhfrpphqghg wkh xvh ri klv suhglfwlrq huuru whvw1 Li ?2 : &/ Fkrz*v rwkhu whvw
+lqyroylqj ixoo vdpsoh dqg vhsdudwh vxevdpsoh hvwlpdwlrqv ri wkh prgho, fdq eh
dssolhg> vhh/ h1j1/ Juhhqh +4<<:/ ss1 67<0684, iru ghwdlov1 Krzhyhu/ wkh dssolhg
olwhudwxuh frqwdlqv vhyhudo h{dpsohv ri wkh suhglfwlrq huuru whvw ehlqj xvhg zkhq
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?2 : &/ h1j1/ Rwwr +4<<7, uhsruwv uhvxowv zlwk ?2 ' 2fc ef dqg & ' S1 Lq rughu wr
lqyhvwljdwh wkh xvhixoqhvv ri wkh qrqsdudphwulf errwvwuds zkhq ?2 : &c ?2 ' �2
lv xvhg zlwk wkh vwdwlf prgho h{shulphqwdo ghvljq ri Vhfwlrq 6151 Wkh txdolwdwlyh
ihdwxuhv ri wkh uhvxowv rewdlqhg duh vlplodu wr wkrvh iru ?2 ' S1 Djuhhphqw ehwzhhq
hvwlpdwhg dqg qrplqdo vljql�fdqfh ohyhov lv jrrg zlwk v|pphwulfdoo| glvwulexwhg
uhjuhvvlrq huuruv1 Iru h{dpsoh/ wkh Fkrz whvw hpsor|lqj wkh qrqsdudphwulf errw0
vwuds surgxfhv ryhuvl}hg whvwv zlwk wkh dv|pphwulf huuru glvwulexwlrqv frqvlghuhg/
exw zkhq lw jlyhv d edg rxwfrph wkh frqyhqwlrqdo 8 fulwlfdo ydoxh jlyhv d pxfk
zruvh rqh1 Iru h{dpsoh/ zlwk orj0qrupdo glvwxuedqfhv/ d qrplqdo vl}h ri DI/
?� ' HH dqg ?2 ' �2/ wkh hvwlpdwh iurp wkh qrqsdudphwulf errwvwuds lv .�HeI
dqg wkdw iurp wkh 8 fulwlfdo ydoxh lv �S��eI1 Iru frqvlvwhqwo| jrrg shuirupdqfh
ri wkh qrqsdudphwulf errwvwuds ryhu doo huuru glvwulexwlrqv frqvlghuhg/ d ydoxh ri
? juhdwhu wkdq �ff lv uhtxluhg1 Wklv lpsolhv wkdw dssolhg zrunhuv zlvklqj wr fduu|
rxw suhglfwlyh idloxuh whvwv zlwk ydoxhv ri ?2 ehwzhhq �f dqg 2f pd|/ wkhuhiruh/
uhtxluh dffhvv wr prghudwho| odujh hvwlpdwlrq vdpsohv1

Vlqfh wkh �qlwh vdpsoh vl}h uhvxowv suhvhqwhg lq wklv sdshu vxjjhvw wkdw wkh
qrqsdudphwulf errwvwuds fdq shuirup ehwwhu zkhq wkh huuru glvwulexwlrq lv v|p0
phwulf/ dssolhg zrunhuv pljkw sodfh pruh frq�ghqfh lq suhglfwlrq huuru whvwv xv0
lqj qrqsdudphwulf errwvwuds fulwlfdo ydoxhv li wkhuh zhuh dovr hylghqfh vxssruwlqj
v|pphwu| ri wkh huuru glvwulexwlrq1 Dq dv|pswrwlfdoo| ydolg whvw ri v|pphwu| ri
qrqqrupdo uhjuhvvlrq glvwxuedqfhv lv ghvfulehg e| Jrgiuh| dqg Ruph +4<<4,1

Ilqdoo| lq wklv vhfwlrq/ jlyhq wkh vlplodulw| dqg jrrg vl}h surshuwlhv ri wkh
Fkrz dqg Khqgu| qrq0sdudphwulf errwvwuds whvwv/ lw lv dssursuldwh wr lqyhvwl0
jdwh wkhlu uhodwlyh srzhu1 H{shulphqwv zhuh fduulhg rxw iru erwk wkh vwdwlf dqg
g|qdplf prgho xvlqj wkh gdwd jhqhudwlrq surfhvv E2�.�/ lqfrusrudwlqj doo D huuru
glvwulexwlrqv dqg zkhuh iru hdfk prgho d frpprq ydoxh 1| ' 1W zdv fkrvhq vr
dv wr jlyh dq lqwhuhvwlqj udqjh ri srzhu hvwlpdwhv1 Pruh suhflvho|/ ydoxhv ri 1W

zhuh fkrvhq vr wkdw wkhvh hvwlpdwhv zhuh lq wkh udqjh efI � .fI iru gl�huhqw
frpelqdwlrqv ri ? dqg ?2 xqghu qrupdo uhjuhvvlrq huuruv1 Ryhu doo wkh glvwulex0
wlrqv frqvlghuhg/ wkh udqjh ri srzhu hvwlpdwhv rewdlqhg zdv 2HI � bfI� Wkhvh
h{shulphqwv uhyhdohg Khqgu|*v yduldqw wr eh voljkwo| pruh srzhuixo wkdq wkh Fkrz
irup lq hyhu| fdvh +dowkrxjk wkh gl�huhqfhv duh qrw odujh, dqg/ dv h{shfwhg/ srzhu
lqfuhdvhv zlwk ?2�
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81 Frqfoxvlrqv

Wkh �qlwh vdpsoh vljql�fdqfh ohyhov ri wkh suhglfwlrq huuru whvw sursrvhg e| Fkrz
+4<93, dqg ri d prgl�fdwlrq ri Fkrz*v whvw sursrvhg e| Khqgu| +4<;3, kdyh ehhq
glvfxvvhg1 Lq wkh vwdwlf olqhdu uhjuhvvlrq prgho/ Fkrz*v whvw lv h{dfw zkhq wkh k|0
srwkhvlv ri sulpdu| lqwhuhvw/ l1h1/ wkh suhglfwlyh ydolglw| ri wkh prgho/ lv frpelqhg
zlwk wkh dvvxpswlrq wkdw wkh uhjuhvvlrq huuruv duh qrupdoo| glvwulexwhg1 Qrupdo0
lw| lv dovr uhtxluhg iru Fkrz*v whvw wr eh dv|pswrwlfdoo| ydolg zkhq wkh uhjuhvvruv
lqfoxgh odjjhg ghshqghqw yduldeohv dqg iru Khqgu|*v yduldqw wr eh dv|pswrwlfdoo|
ydolg lq hlwkhu vwdwlf ru g|qdplf uhjuhvvlrq prghov1 Krzhyhu/ wkhuh vhhpv wr eh
olwwoh uhdvrq/ lq jhqhudo/ wr vxssrvh wkdw qrupdolw| lv dq dffxudwh dvvxpswlrq1
Zkhq wkh glvwulexwlrq ri wkh uhjuhvvlrq huuruv lv qrw qrupdo/ qrw hyhq dv|pswrwlf
wkhru| fdq eh xvhg wr mxvwli| wkh vwdqgdug Fkrz ru Khqgu| whvw surfhgxuhv1

Wkh Prqwh Fduor hylghqfh suhvhqwhg lq wklv sdshu uhyhdov wkdw/ zkhq wkh
huuruv duh qrupdo/ dv|pswrwlf wkhru| grhv surylgh d uhdvrqdeoh jxlgh wr wkh �qlwh
vdpsoh ehkdylrxu ri wkh Fkrz whvw surfhgxuh lq g|qdplf uhjuhvvlrq prghov1 Wklv
lv qrw vr iru Khqgu|*v whvw iru zklfk wkhuh lv hylghqfh ri ryhuuhmhfwlrq lq erwk wkh
vwdwlf dqg g|qdplf uhjuhvvru fdvh zlwk qrupdo huuruv1 Wklv hylghqfh lv frqvlvwhqw
zlwk wkh �qglqjv ri Nlylhw +4<<9,1 Frqvhtxhqwo|/ li wkh huuruv zhuh nqrzq wr eh
qrupdo/ lw zrxog vhhp uhdvrqdeoh wr uhjdug Fkrz*v whvw dv uholdeoh +lq whupv ri
vl}h, exw qrw Khqgu|*v surfhgxuh1 Krzhyhu/ zkhq wkh uhvwulfwlyh dvvxpswlrq ri
qrupdolw| lv uhod{hg/ wkh Prqwh Fduor uhvxowv lqglfdwh wkdw qhlwkhu ri wkh vwdqgdug
whvwv fdq eh dvvxphg wr kdyh �qlwh vdpsoh vljql�fdqfh ohyhov wkdw duh forvh wr
wkh uhtxluhg ydoxhv1 Dv dq dowhuqdwlyh wr uho|lqj xsrq fulwlfdo ydoxhv ghulyhg
dvvxplqj qrupdo huuruv/ vlpsoh qrq0sdudphwulf errwvwuds phwkrgv duh ghvfulehg
zklfk dsshdu wr jlyh xvhixo frqwuro ri wkh vljql�fdqfh ohyhov ri suhglfwlrq huuru
whvwv zlwkrxw uhtxlulqj suhflvh lqirupdwlrq derxw wkh huuru glvwulexwlrq18

Wkh Prqwh Fduor uhvxowv rq wkh djuhhphqw ehwzhhq wkh qrplqdo dqg hvwlpdwhg
vljql�fdqfh ohyhov dvvrfldwhg zlwk wkh qrqsdudphwulf errwvwuds uhsruwhg lq vhfwlrq
7 deryh duh yhu| hqfrxudjlqj1 Pruhryhu/ xvh ri wkh qrqsdudphwulf errwvwuds
vfkhph |lhogv d uhpdundeoh vlplodulw| ehwzhhq wkh ehkdylrxu ri wkh Fkrz dqg
Khqgu| whvwv1 Jlyhq wkhlu vlplodu jrrg vl}h surshuwlhv/ d Prqwh Fduor lqyhvwljdwlrq
ri wkhlu uhodwlyh srzhu zdv xqghuwdnhq dqg wklv vkrzv Khqgu|*v yduldqw wr eh wkh
voljkwo| pruh srzhuixo/ dowkrxjk wkh gl�huhqfhv duh qrw odujh1

8Zlwk q4 �{hg dv q $ 4/ wkh dssolfdwlrq ri wkh phwkrgv ri Gxirxu dqg Nlylhw +4<<9, iru
g|qdplf prghov wr suhglfwlrq huuru whvwv uhtxluhv fruuhfw nqrzohgjh ri wkh huuru glvwulexwlrq1
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Uhihuhqfhv

^4` Ehudq/ U1/ 4<;;/ Suhslyrwlqj whvw vwdwlvwlfv= d errwvwuds ylhz ri dv|pswrwlf
uh�qhphqwv/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;6/ 9;:09<:1

^5` Euhxvfk/ W1V1/ 4<;3/ Xvhixo lqyduldqfh uhvxowv iru jhqhudolvhg uhjuhvvlrq prg0
hov/ Mrxuqdo ri Hfrqrphwulfv/ 46/ 65:0731

^6` Fkrz/ J1/ 4<93/ Whvwv ri htxdolw| ehwzhhq vhwv ri frh!flhqwv lq wzr olqhdu
uhjuhvvlrqv/ Hfrqrphwulfd/ 5;/ 8<409381

^7` Gxirxu/ M10P1/ H1 Jk|vhov dqg D1 Kdoo/ 4<<7/ Jhqhudol}hg suhglfwlyh whvwv dqg
vwuxfwxudo fkdqjh dqdo|vlv lq hfrqrphwulfv/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/
68/ 4<<055<1

^8` Gxirxu/ M10P1 dqg M1I1 Nlylhw/ 4<<9/ H{dfw whvwv iru vwuxfwxudo fkdqjh lq
�uvw0rughu g|qdplf prghov/ Mrxuqdo ri Hfrqrphwulfv/ :3/ 6<09;1

^9` Gxirxu/ M10P1 dqg M1I1 Nlylhw/ 4<<:/ H{dfw whvwv lq vlqjoh htxdwlrq dxwruh0
juhvvlyh glvwulexwhg odj prghov/ Mrxuqdo ri Hfrqrphwulfv/ ;3/ 65806861

^:` Gxirxu/ M10P1 dqg M1I1 Nlylhw/ 4<<;/ H{dfw lqihuhqfh phwkrgv iru �uvw0rughu
dxwruhjuhvvlyh glvwulexwhg odj prghov/ Hfrqrphwulfd/ 99/ :<04371

^;` Jlhuvehujhq/ Q1S1D1 ydq dqg M1I1 Nlylhw/4<<9/ Errwvwudsslqj d vwdeoh DG
prgho= zhdn yv vwurqj h{rjhqhlw|/ R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlv0
wlfv/ 8;/ 96409891

^<` Jrgiuh|/ O1J1 dqg F1G1 Ruph/ 4<<4/ Whvwlqj iru vnhzqhvv ri uhjuhvvlrq glv0
wxuedqfhv/ Hfrqrplfv Ohwwhuv/ 6:/ 640671

^43` Juhhqh/ Z1K1/ 4<<:/ Hfrqrphwulf Dqdo|vlv +6ug Hglwlrq,/ Suhqwlfh0Kdoo Lq0
whuqdwlrqdo/ Lqf1

^44` Kdplowrq/ M1G1/ 4<<7/ Wlph Vhulhv Dqdo|vlv/ Sulqfhwrq Xqlyhuvlw| Suhvv=
Sulqfhwrq1

^45` Khqgu|/ G1I1/ 4<;3/ Suhglfwlyh idloxuh dqg hfrqrphwulf prghoolqj lq pdfurh0
frqrphwulfv= wkh wudqvdfwlrq ghpdqg iru prqh|/ lq Prghoolqj wkh XN Hfrq0
rp|/ hglwhg e| S1 Rphurg/ Khlqhpdqq= Orqgrq1
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^46` Kr�pdq/ G1 dqg D1 Sdjdq/ 4<;</ Srvw0vdpsoh suhglfwlrq whvwv iru jhqhudolvhg
phwkrgv ri prphqwv hvwlpdwruv/ R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/
84/ 66606761

^47` Kxehu/ S1M1/ 4<:6/ Urexvw uhjuhvvlrq= dv|pswrwlfv/ frqmhfwxuhv dqg Prqwh
Fduor/ Dqqdov ri Vwdwlvwlfv/ 4/ :<<0;541

^48` Nlylhw/ M1I1/ 4<;9/ Rq wkh uljrxu ri vrph plvvshfl�fdwlrq whvwv iru prghoolqj
g|qdplf uhodwlrqvklsv/ Uhylhz ri Hfrqrplf Vwxglhv/ 86/ 57405941

^49` Ol/ K1 dqg Pdggdod/ J1V1/ 4<<9/ Errwvwudsslqj wlph vhulhv prghov/ Hfrqr0
phwulf Uhylhzv/ 48/ 448048;1

^4:` Rwwr/ J1/ 4<<7/ Gldjqrvwlf whvwlqj= dq dssolfdwlrq wr wkh ghpdqg iru P4/
lq Frlqwhjudwlrq iru wkh Dssolhg Hfrqrplvw/ hglwhg e| E1 Ekdvndud Udr/ Vw1
Pduwlq*v Suhvv= Qhz \run1

^4;` Shvdudq/ P1K1 dqg \1 Vklq/ 4<<</ Dq dxwruhjuhvvlyh glvwulexwhg odj prghoolqj
dssurdfk wr frlqwhjudwlrq dqdo|vlv/ lq Hfrqrphwulfv dqg Hfrqrplf Wkhru|
lq wkh 53wk Fhqwxu|= wkh Udjqdu Iulvfk Fhqwhqqldo V|psrvlxp/ hglwhg e| V1
Vwurp/ Fdpeulgjh Xqlyhuvlw| Suhvv= Fdpeulgjh1

^4<` Vlpv/ F1D1/ M1K1 Vwrfn/ dqg P1Z1 Zdwvrq/ 4<<3/ Lqihuhqfh lq olqhdu wlph
vhulhv prghov zlwk vrph xqlw urrwv/ Hfrqrphwulfd/ 8;/ 44604771

^53` Vwhzduw/ M1 dqg O1 Jloo/ 4<<;/ Hfrqrphwulfv +5qg Hglwlrq,/ Suhqwlfh0Kdoo
Hxursh1

^54` Zhvw/ N1G1 dqg P1Z1 PfFudfnhq/ 4<<;/ Uhjuhvvlrq0edvhg whvwv ri suhglfwlyh
delolw|/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 6</ ;4:0;731

^55` Zklwh/ K1/ 4<;3/ D khwhurvnhgdvwlflw|0frqvlvwhqw fryduldqfh pdwul{ dqg d
gluhfw whvw iru khwhurvnhgdvwlflw|/ Hfrqrphwulfd/ 7;/754077;1

53



Iljxuhv 4043

Doo wkh iroorzlqj gldjudpv ghslfw wkh vl}h hvwlpdwhv +uhmhfwlrq udwhv,/ lq shu0
fhqwdjhv/ ri wkh Fkrz dqg Khqgu| irupv ri wkh suhglfwlyh idloxuh whvw vwdwlvwlfv dv
gh�qhg lq wkh pdlq wh{w1
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